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Abstrat. We go further on the study of harmoniity for almost ontat metri strutures
already initiated by Vergara-Díaz and Wood. By using the intrinsi torsion, we haraterise
harmoni almost ontat metri strutures in several equivalent ways and show onditions
relating harmoniity and lasses of almost ontat metri strutures. Additionally, we study
the harmoniity of suh strutures as a map into the quotient bundle of the oriented orthonor-
mal frames by the ation of the strutural group U(n)× 1. Finally, by using a Bohner type
formula proved by Bör and Hernández Lamoneda, we display some examples whih give the
absolute minimum for the energy.
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1. Introdution
For an oriented Riemannian manifoldM of dimension n, given a Lie subgroup G of SO(n),
M is said to be equipped with a G-struture, if there exists a subbundle G(M) of the oriented
orthonormal frame bundle SO(M) with strutural group G. For a xed G, a natural question
arises, 'whih are the best G-strutures on M?'. An approah to answer this question is based
on the notion of the energy of a G-struture whih is a partiular ase of the energy of a
map between Riemannian manifolds. Suh a funtional has been widely studied by diverse
authors [6, 7, 18℄. The orresponding ritial points are alled harmoni maps and have been
haraterised by Eells and Sampson [8℄.
Date: 31st Otober 2018.
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For prinipal G-bundles Q→M over a Riemannian manifold, Wood in [24℄ onsiders global
setions σ : M → Q/H of the quotient bundle π : Q/H →M , where H is a Lie subgroup of
G suh that G/H is redutive. Suh global setions are in one-to-one orrespondene with the
H-redutions of the G-bundle Q→M . Likewise, a onnetion on Q→M and a G-invariant
metri on G/H are xed. Thus, Q/H an be equipped in a natural way with a metri dened
by using the metris on M and G/H. In suh onditions, Wood regards harmoni setions as
generalisations of harmoni maps fromM into Q/H, deriving the orresponding haraterising
onditions, alled harmoni setions equations.
The situation desribed in the previous paragraph arises when the Riemannian manifold
M is equipped with some additional geometri struture, viewed as redution of the struture
group of the tangent bundle. Thus, in [10℄ it is onsidered the partiular situation for G-
strutures dened on an oriented Riemannian manifold M of dimension n, where G is a losed
and onneted subgroup of SO(n). Sine the existene of a G-struture on M is equivalent
to the existene of a global setion σ : M → SO(M)/G of the quotient bundle, the energy
of a G-struture is dened as the energy of the orresponding map σ. If ξG denotes the
intrinsi torsion of the G-struture, suh an energy funtional is essentially determined by the
total bending given by B(σ) = 12
∫
M ‖ξ
G‖2 dv. As a onsequene, the notion of harmoni G-
struture, introdued by Wood in [24℄, is given in terms of the intrinsi torsion. This analysis
makes possible to go further in the study of relations between harmoniity and lasses of
G-strutures. Thus, the study of harmoni almost Hermitian strutures initiated in [23,24℄ is
ompleted in [10℄ with additional results.
Our purpose in the present work is going on the study of harmoniity for almost ontat
metri strutures initiated by Vergara-Díaz and Wood in [21℄. Almost ontat metri stru-
tures an be seen as U(n)-strutures dened on Riemannian manifolds of dimension 2n+ 1.
After haraterising harmoni almost ontat metri strutures in several equivalent ways
(Theorem 4.1), we show onditions relating harmoniity and Chinea and González-Dávila's
lasses [5℄ of almost ontat metri strutures. This is exposed in Theorem 4.3. Finally, the
harmoniity of an almost ontat metri struture as a map into SO(M)/(U(n)×1) is studied
in Theorem 4.8.
As a relevant remark, we point out the rle played by the identities given in Lemmas 4.5
and 4.6. They are onsequenes of the trivial identity d2F = 0, where F is the fundamental
two-form of the almost ontat metri struture (see Setion 3). Suh identities are dedued
by rstly expressing d2F in terms of the intrinsi torsion and the minimal onnetion, and
then extrating ertain U(n)-omponents. An analog identity for almost Hermitian strutures
was dedued in [17℄. In the proofs of Theorems 4.3 and 4.8, the use of these identities beside
the harmoniity riteria is fundamental.
In the nal part of this work, we apply the simple and elegant argument used by Bör et
al. in [4℄ to almost Hermitian strutures, here to almost ontat metri strutures. Thus, by
making use of a Bohner type formula proved in [3℄ (see the equation (5.1) below), we show
that in some situations there is an absolute minimum. This and other results are applied
in the last Setion, where we display several examples. In partiular, some of them give the
absolute minimum for the energy.
Aknowledgements. The authors are supported by grants from MEC (Spain), projets
MTM2007-65852 and MTM2007-66375.
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2. Preliminaries
On an n-dimensional oriented Riemannian manifold (M, 〈·, ·〉), we onsider the prinipal
SO(n)-bundle π
SO(n) : SO(M) → M of the oriented orthonormal frames with respet to the
metri 〈·, ·〉. Given a losed and onneted subgroup G of SO(n), a G-struture on (M, 〈·, ·〉)
is a redution G(M) ⊂ SO(M) to G. In the present Setion we briey reall some notions
relative to G-strutures (see [10, 24℄ for more details).
Let SO(M)/G be the orbit spae under the ation of G on SO(M) on the right as subgroup
of SO(n). Then the G-orbit map πG : SO(M) → SO(M)/G is a prinipal G-bundle and
we have πSO(n) = π ◦πG, where π : SO(M)/G → M is a bre bundle with bre SO(n)/G,
whih is naturally isomorphi to the assoiated bundle SO(M) ×SO(n) SO(n)/G. The map
σ : M → SO(M)/G given by σ(m) = πG(p), for all p ∈ G(M) with πSO(n)(p) = m, is a smooth
setion and determines a one-to-one orrespondene between the totally of G-strutures and
the manifold Γ∞(SO(M)/G) of all global setions of SO(M)/G. In what sequel, we shall also
denote by σ the G-struture determined by the setion σ.
The presene of a redued subbundle G(M) yields to express the bundle of endomor-
phisms End(TM) on the bers in the tangent bundle TM as the assoiated vetor bun-
dle G(M) ×G End(R
n). We restrit our attention on the subbundle so(M) of End(TM) of
skew-symmetri endomorphisms ϕm, for all m ∈ M , i.e. 〈ϕmX,Y 〉 = −〈ϕmY,X〉. Note
that this subbundle so(M) is expressed as so(M) = SO(M) ×
SO(n) so(n) = G(M) ×G so(n).
Furthermore, beause so(n) is deomposed into the G-modules g, the Lie algebra of G, and
the orthogonal omplement m on so(n) with respet to the inner produt 〈·, ·〉 given by
〈X,Y 〉 = −trae XY, the bundle so(M) is also deomposed into so(M) = gσ ⊕mσ, where
gσ = G(M)×G g and mσ = G(M)×G m.
Under the onditions above xed, ifM is equipped with aG-struture, then there exists aG-
onnetion ∇˜ dened onM . Doing the dierene ξ˜X = ∇˜X−∇X , where ∇X is the Levi-Civita
onnetion of 〈·, ·〉, a tensor ξ˜X ∈ so(M) is obtained. Deomposing ξ˜X = (ξ˜X)gσ + (ξ˜X)mσ ,
(ξ˜X)gσ ∈ gσ and (ξ˜X)mσ ∈ mσ, a new G-onnetion ∇
G
, dened by ∇GX = ∇˜X−(ξ˜X)gσ , an be
onsidered. Beause the dierene between two G-onnetions must be in gσ, ∇
G
is the unique
G-onnetion on M suh that its torsion satises the ondition ξGX = (ξ˜X)mσ = ∇
G
X −∇X is
in mσ. ∇
G
is alled the minimal onnetion and ξG is referred to as the intrinsi torsion of
the G-struture σ [9℄. If ξG = 0, the G-struture is said to be integrable. In suh a ase, the
Riemannian holonomy group of M is ontained in G.
Remark 2.1. A natural way of lassifying G-strutures arises by deomposing the spae
W = T∗M ⊗mσ of possible intrinsi torsion into irreduible G-modules. This was initiated by
Gray and Hervella [14℄ for almost Hermitian strutures. In this partiular ase, G = U(n) and
the spae W is deomposed into four irreduible U(n)-modules. Therefore, 24 = 16 lasses of
almost Hermitian strutures were obtained.
Along the present paper, we will onsider the natural extension of the metri 〈·, ·〉 to (r, s)-
tensors on M . Suh an extension is dened by
〈Ψ,Φ〉 = Ψi1...irj1...jsΦ
i1...ir
j1...js
, (2.1)
where the summation onvention is used and Ψi1...irj1...js and Φ
i1...ir
j1...js
are the omponents of the
(r, s)-tensors Ψ,Φ ∈ TrsmM , with respet to an orthonormal frame over m ∈M . Likewise, we
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will make reiterated use of the musial isomorphisms ♭ : TM → T∗M and ♯ : T∗M → TM ,
indued by the metri 〈·, ·〉 on M , dened respetively by X♭ = 〈X, ·〉 and 〈θ♯, ·〉 = θ.
If ω is the onnetion one-form assoiated to ∇, then TSO(M) = ker π
SO(n)∗ ⊕ kerω.
Now onsidering the projetion πG : SO(M) → SO(M)/G, the tangent bundle of SO(M)/G
is deomposed into TSO(M)/G = V ⊕H, where V = πG∗(ker π
SO(n)∗) and H = πG∗(kerω).
For the projetion π : SO(M)/G → M , π(pG) = π
SO(n)(p), the vertial and horizontal
distributions V and H are suh that π∗V = 0 and π∗H = TM .
Moreover, it is onsidered the bundle π∗ so(M) on SO(M)/G onsisting of those pairs
(pG, ϕ˘m), where π(pG) = m and ϕ˘m ∈ so(M)m. Alternatively, π
∗ so(M) is desribed as the
bundle π∗ so(M) = SO(M) ×G so(n) = gSO(M)⊕mSO(M), where gSO(M) = SO(M) ×G g and
mSO(M) = SO(M)×G m. A metri on eah ber of π
∗ so(M) is dened by
〈(pG, ϕ˘m), (pG, ψ˘m)〉 = 〈ϕ˘m, ψ˘m〉,
where 〈·, ·〉 in the right side is the extension to (1, 1)-tensors of the metri onM given by (2.1).
With respet to this metri, the deomposition π∗ so(M) = gSO(M)⊕mSO(M) is orthogonal.
There is a anonial isomorphism between V and the bundle mSO(M). In fat, elements in
mSO(M) an be seen as pairs (pG, ϕ˘m) suh that if ϕ˘m is expressed with respet to p, then it
is obtained a matrix (aji) ∈ m. For all a ∈ m, we have the fundamental vetor eld a
∗
on
SO(M) given by
a∗p =
d
dt |t=0
p. exp ta ∈ ker π
SO(n)∗p ⊆ TpSO(M).
Any vetor in VpG is given by πG∗p(a∗p), for some a = (aji) ∈ m. The isomorphism φ|VpG : VpG →(
mSO(M)
)
pG
is dened by
φ|VpG(πG∗p(a
∗
p)) = (pG, aji p(ui)
♭ ⊗ p(uj)).
Next it is extended the map φ|V : V → mSO(M) to φ : T SO(M)/G → mSO(M) by saying that
φ(A) = 0, for all A ∈ H, and φ(V ) = φ|V(V ), for all V ∈ V. This is used to dene a metri
〈·, ·〉SO(M)/G on SO(M)/G by
〈A,B〉SO(M)/G = 〈π∗A, π∗B〉+ 〈φ(A), φ(B)〉. (2.2)
For this metri, the projetion π : SO(M)/G→M is a Riemannian submersion with totally
geodesi bres (see [22℄ and [1, page 249℄).
Now, it is onsidered the set of all possible G-strutures on a losed and oriented Riemann-
ian manifold M whih are ompatible with the metri 〈·, ·〉. Suh a set is identied with the
manifold Γ∞(SO(M)/G) of all possible global setions σ : M → SO(M)/G. With respet to
the metris 〈·, ·〉 and 〈·, ·〉SO(M)/G, the energy of σ is the integral
E(σ) =
1
2
∫
M
‖σ∗‖2dv, (2.3)
where ‖σ∗‖2 is the norm of the dierential σ∗ of σ and dv denotes the volume form on
(M, 〈·, ·〉). On the domain of a loal orthonormal frame eld {e1, . . . , en} on M , ‖σ∗‖2 an
be loally expressed as ‖σ∗‖2 = 〈σ∗ei, σ∗ei〉SO(M)/G. Furthermore, using (2.2), from (2.3) it
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is obtained that the energy E(σ) of σ is given by
E(σ) =
n
2
Vol(M) +
1
2
∫
M
‖φσ∗‖2dv.
The relevant part of this formula B(σ) = 12
∫
M ‖φσ∗‖
2dv is alled the total bending of the
G-struture σ. In [10℄, it was shown that φσ∗ = −ξG. Therefore,
B(σ) =
1
2
∫
M
‖ξG‖2 dv.
To study ritial points of the funtional E on Γ∞(SO(M)/G), smooth variations σt ∈
Γ∞(SO(M)/G) of σ = σ0 are onsidered. The orresponding variation elds m → ϕ(m) =
d
dt |t=0σt(m) are setions of the indued bundle σ
∗V on M . Furthermore, by using φ, we
will have φprσ2σ
∗V ∼= σ∗mSO(M) ∼= mσ. Thus, the tangent spae TσΓ∞(SO(M)/G) is rstly
identied with the spae Γ∞(σ∗V) of global setions of σ∗V [18℄. A seond identiation is
Γ∞(σ∗V) ∼= Γ∞(mσ) as global setions of mσ.
In following results, we will onsider the oderivative d∗ξG of the intrinsi torsion ξG, whih
is given by
d∗ξGm = −(∇eiξ
G)ei = −(∇
G
eiξ
G)ei − ξ
G
ξGeiei
∈ mσm,
where {e1, . . . , en} is any orthonormal frame on m ∈ M . Therefore, d
∗ξG is a global setion
of mσ.
Theorem 2.2 ( [10℄). If G is a losed and onneted subgroup of SO(n), (M, 〈·, ·〉) a losed
and oriented Riemannian manifold and σ a global setion of SO(M)/G, then:
(i) (The rst variation formula). For the energy funtional E : Γ∞(SO(M)/G) → R and
for all ϕ ∈ Γ∞(mσ) ∼= TσΓ∞(SO(M)/G), we have
dEσ(ϕ) = −
∫
M
〈ξG,∇ϕ〉dv = −
∫
M
〈d∗ξG, ϕ〉dv.
(ii) (The seond variation formula). The Hessian form (Hess E)σ on Γ
∞(mσ) is given by
(Hess E)σϕ =
∫
M
(
‖∇ϕ‖2 − 12‖[ξ
G, ϕ]mσ‖
2 + 〈∇ϕ, 2[ξG, ϕ]− [ξG, ϕ]mσ〉
)
dv.
As a onsequene of this Theorem the following notion is introdued: for general Riemann-
ian manifolds (M, 〈·, ·〉) not neessarily losed and oriented, a G-struture σ is said to be
harmoni, if it satises d∗ξG = 0 or, equivalently, (∇Geiξ)ei = −ξ
G
ξGeiei
.
Given a G-struture σ on a losed Riemannian manifold (M, 〈·, ·〉), the map σ : (M, 〈·, ·〉) 7→
(SO(M)/G, 〈·, ·〉SO(M)/G) is harmoni, i.e. σ is a ritial point for the energy funtional on
C∞(M, SO(M)/G) if and only if its tension eld τ(σ) = (∇eiσ∗) (ei) vanishes [18℄. Here, ∇σ∗ is
dened by (∇Xσ∗) (Y ) = ∇
q
σ∗X
σ∗Y −σ∗(∇XY ), where ∇q denotes the indued onnetion by
the Levi-Civita onnetion ∇q of the metri in SO(M)/G. Aording with [10, 24℄, harmoni
setions σ are haraterised by the vanishing of the vertial omponent of τ(σ) and the
horizontal omponent of τ(σ) is determined by the horizontal lift of the vetor eld metrially
equivalent to the one-form νσ, dened by
νσ(X) = 〈ξ
G
ei , Rei,X〉. (2.4)
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Hene, the map σ : (M, 〈·, ·〉) 7→ (SO(M)/G, 〈·, ·〉SO(M)/G) turns out to be a harmoni map if
and only if σ is a harmoni G-struture suh that νσ vanishes for all vetors.
If RX,Y mσ = 0, the G-struture σ is referred to as a at G-struture. The intrinsi torsion of
a at G-struture has not ontributions in the G-omponents of R orthogonal to S2gσ. Thus,
R is in the spae of algebrai urvature tensors for manifolds with an integrable G-struture.
Relevant types of diverse G-strutures are haraterised by saying that their intrinsi torsion
ξG is metrially equivalent to a skew-symmetri three-form, that is, ξGXY = −ξ
G
YX. Now we
will reall some fats satised by suh G-strutures.
Proposition 2.3 ( [10℄). For a G-struture σ suh that ξGXY = −ξ
G
YX, we have:
(i) If [ξGX , ξ
G
Y ] ⊆ gσ, for all X,Y ∈ X(M), then 〈RX,Y mσX,Y 〉 = 2〈ξ
G
XY, ξ
G
XY 〉. Therefore,
σ is integrable if and only if σ is at.
(ii) If σ is a harmoni G-struture, then σ is also a harmoni map.
In Setion 4, we will study harmoniity of almost ontat metri strutures. Suh strutures
are examples of G-strutures dened by means of one or several (r, s)-tensor elds Ψ whih
are stabilised under the ation of G, i.e. g ·Ψ = Ψ, for all g ∈ G. Moreover, it will be possible
haraterise the harmoniity of suh G-strutures by onditions given in terms of those tensors
Ψ. The onnetion Laplaian (or rough Laplaian) ∇∗∇Ψ will play a relevant rle in suh
onditions. We reall that
∇∗∇Ψ = −
(
∇2Ψ
)
ei,ei
,
where {e1, . . . , en} is an orthonormal frame eld and (∇
2Ψ)X,Y = ∇X(∇YΨ) − ∇∇XYΨ.
If a Riemannian manifold (M, 〈·, ·〉) of dimension n is equipped by a G-struture, where
G ⊆ SO(n) is losed and onneted, and Ψ is a (r, s)-tensor eld on M whih is stabilised
under the ation of G, then
∇∗∇Ψ =
(
∇Geiξ
G
)
ei
Ψ+ ξGξGeiei
Ψ− ξGei(ξ
G
eiΨ). (2.5)
Moreover, if the G-struture is harmoni, ∇∗∇Ψ = −ξGei(ξ
G
eiΨ).
3. Almost ontat metri strutures
An almost ontat metri manifold is a 2n+1-dimensional Riemannian manifold (M, 〈·, ·〉)
equipped with a (1, 1)-tensor eld ϕ and a unit vetor eld ζ, alled the harateristi vetor
eld of the struture, suh that
ϕ2 = −I + η ⊗ ζ, 〈ϕX,ϕY 〉 = 〈X,Y 〉 − η(X)η(Y ),
where η = ζ♭. Assoiated with the almost ontat metri struture the two-form F = 〈·, ϕ·〉,
alled the fundamental two-form, is usually onsidered. Using F and η, M an be oriented
xing a onstant multiple of Fn ∧ η = F∧ (n). . . ∧F ∧ η as volume form. Likewise, the presene
of an almost ontat metri struture is equivalent to say that M is equipped with a U(n)×1-
struture. It is well known that U(n) × 1 is a losed and onneted subgroup of SO(2n + 1)
and SO(2n+1)/(U(n)×1) is redutive. In this ase, the otangent spae on eah point T∗mM
is not irreduible under the ation of the group U(n)× 1. In fat, T∗M = η⊥ ⊕ Rη and
so(2n+ 1) ∼= Λ2T∗M = Λ2η⊥ ⊕ η⊥ ∧ Rη.
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From now on, we will denote Xζ⊥ = X − η(X)ζ, for all X ∈ X(M). Sine Λ
2η⊥ = u(n) ⊕
u(n)⊥|ζ⊥, where u(n) (resp., u(n)
⊥
|ζ⊥) onsists of those two-forms b suh that b(ϕX,ϕY ) =
b(Xζ⊥ , Yζ⊥) (resp., b(ϕX,ϕY ) = −b(Xζ⊥ , Yζ⊥)), we have
so(2n + 1) = u(n)⊕ u(n)⊥, with u(n)⊥ = u(n)⊥|ζ⊥ ⊕ η
⊥ ∧Rη.
Therefore, for the spae T
∗M ⊗ u(n)⊥ of possible intrinsi U(n)× 1-torsions, we obtain
T
∗M ⊗ u(n)⊥ = (η⊥ ⊗ u(n)⊥|ζ⊥)⊕ (η ⊗ u(n)
⊥
|ζ⊥)⊕ (η
⊥ ⊗ η⊥ ∧ η)⊕ (η ⊗ η⊥ ∧ η).
Chinea and González-Dávila [5℄ showed that T
∗M ⊗ u(n)⊥ is deomposed into twelve irre-
duible U(n)-modules C1, . . . ,C12, where
η⊥ ⊗ u(n)⊥|ζ⊥ = C1 ⊕ C2 ⊕ C3 ⊕ C4,
η⊥ ⊗ η⊥ ∧ η = C5 ⊕ C8 ⊕ C9 ⊕ C6 ⊕ C7 ⊕ C10,
η ⊗ u(n)⊥|ζ⊥ = C11,
η ⊗ η⊥ ∧ η = C12.
The modules C1, . . . ,C4 are isomorphi to the Gray and Hervella's U(n)-modules mentioned
in Remark 2.1. Furthermore, note that ϕ restrited to ζ⊥ works as an almost omplex
struture and, if one onsiders the U(n)-ation on the bilinear forms ⊗2η⊥, then we have the
deomposition
⊗2η⊥ = R〈·, ·〉|ζ⊥ ⊕ su(n)s ⊕
q
σ2,0
y
⊕ RF ⊕ su(n)a ⊕ u(n)
⊥
|ζ⊥ .
The modules su(n)s (resp., su(n)a) onsists of Hermitian symmetri (resp., skew-symmetri)
bilinear forms orthogonal to 〈·, ·〉|ζ⊥ (resp., F ), and
q
σ2,0
y
(resp., u(n)⊥|ζ⊥) is the spae of anti-
Hermitian symmetri (resp., skew-symmetri) bilinear forms. With respet to the modules
Ci, one has η
⊥ ⊗ η⊥ ∧ Rη ∼= ⊗2η⊥ and, using the U(n)-map ξU(n) → −ξU(n)η = ∇η, it is
obtained
C5
∼= R〈·, ·〉|ζ⊥ , C8 ∼= su(n)s, C9 ∼=
q
σ2,0
y
, C6 ∼= RF, C7 ∼= su(n)a, C10 ∼= u(n)
⊥
|ζ⊥ .
In summary, the spae of possible intrinsi torsions T
∗M ⊗ u(n)⊥ onsists of those tensors
ξU(n) suh that
ϕξ
U(n)
X Y + ξ
U(n)
X ϕY = η(Y )ϕξ
U(n)
X ζ + η(ξ
U(n)
X ϕY )ζ (3.1)
and, under the ation of U(n)× 1, is deomposed into:
(1) if n = 1, ξU(1) ∈ T∗M ⊗ u(1)⊥ = C5 ⊕ C6 ⊕ C9 ⊕ C12;
(2) if n = 2, ξU(2) ∈ T∗M ⊗ u(2)⊥ = C2 ⊕ C4 ⊕ · · · ⊕ C12;
(3) if n > 3, ξU(n) ∈ T∗M ⊗ u(n)⊥ = C1 ⊕ · · · ⊕ C12.
Now, we reall how some of these lasses are referred to by diverse authors [2, 5℄:
{ξU(n) = 0} = osympleti manifolds, C1 = nearly-K-osympleti manifolds, C5 =
α-Kenmotsu manifolds, C6 = α-Sasakian manifolds, C5 ⊕ C6 = trans-Sasakian manifolds,
C2 ⊕ C9 = almost osympleti manifolds, C6 ⊕ C7 = quasi-Sasakian manifolds, C1 ⊕ C5 ⊕
C6 = nearly-trans-Sasakian manifolds, C1⊕C2⊕C9⊕C10 = quasi-K-osympleti manifolds,
C3 ⊕ C4 ⊕ C5 ⊕ C6 ⊕ C7 ⊕ C8 = normal manifolds.
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The minimal U(n)-onnetion is given by ∇U(n) = ∇+ ξU(n), with
ξ
U(n)
X = −
1
2ϕ ◦ ∇Xϕ+∇Xη ⊗ ζ −
1
2η ⊗∇Xζ (3.2)
= 12 (∇Xϕ) ◦ ϕ+
1
2∇Xη ⊗ ζ − η ⊗∇Xζ.
In fat, one an rstly hek that ∇U(n) is metri and ∇U(n)ϕ = ∇U(n)η = 0. Therefore,
∇U(n) is a U(n)-onnetion. Finally, it is diret to see that ξ
U(n)
X ∈ u(n)
⊥
. Note that if the
almost ontat metri struture is of type C5 ⊕ · · · ⊕ C10 ⊕ C12, then the expression for the
intrinsi torsion is redued to
ξ
U(n)
X = ∇Xη ⊗ ζ − η ⊗∇Xζ. (3.3)
For sake of simpliity, we will write ξ = ξU(n) in the sequel. Likewise, ξ(i) will denote the
omponent of ξ obtained by the U(n)-isomorphism (∇F )(i) = (−ξF )(i) ∈ Ci → ξ(i). In this
way we are using the same terminology used in [5℄ by Chinea and González-Dávila when we
are referring to lasses.
For studying ertain U(n)-omponents of the Riemannian urvature tensor R of an almost
ontat metri manifold, it is neessary to onsider a Rii type tensor Rica, alled the
almost ontat Rii tensor, assoiated to the almost ontat metri struture. Suh a tensor
is dened by Rica(X,Y ) = 〈Rei,Xϕei, ϕY 〉.
In general, Rica is not symmetri. However, sine Rica satises the identities
Rica(ϕX,ϕY ) = Rica(Yζ⊥ ,Xζ⊥), Ric
a(X, ζ) = 0,
it an be laimed that
Rica ∈ R〈·, ·〉 ⊕ su(n)s ⊕ u(n)
⊥
|ζ⊥ ⊕ η
⊥
d ⊆ R〈·, ·〉 ⊕ su(n)s ⊕ η ⊙ η
⊥ ⊕ u(n)⊥|ζ⊥ ⊕ η ∧ η
⊥,
where η⊥d = {2η⊙θ+η∧θ | θ ∈ η
⊥} ∼= η⊥ and we follow the onvention a⊙b = 12(a⊗b+b⊗a).
The skew-symmetri part Ricaalt of Ric
a
will play a speial rle in the present work. Relative
to Ricaalt we have the following result.
Lemma 3.1. Let (M, 〈·, ·〉, ϕ, ζ) be a 2n + 1-dimensional almost ontat metri manifold.
Then the almost ontat Rii urvature satises
Rica
alt
(Xζ⊥ , Yζ⊥) =〈(∇
U(n)
ei ξ)ϕeiϕXζ⊥ , Yζ⊥〉+ 〈ξξeiϕeiϕXζ⊥ , Yζ⊥〉,
Rica(ζ,X) =((∇U(n)ei ξ)ϕeiη)(ϕX) + (ξξeiϕeiη)(ϕX),
for all X,Y ∈ X(M). Furthermore, if n > 1, we have:
(i) The restrition Ricaalt|ζ⊥ of Ric
a
alt
to the spae ζ⊥ is in u(n)⊥|ζ⊥ and determines a U(n)-
omponent of the Weyl urvature tensor W .
(ii) The one-form Rica(ζ, ·) is in η⊥ and determines another U(n)-omponent of W .
As a onsequene, if (M, 〈·, ·〉) is onformally at, i.e. W = 0, and n > 1, then Ricaalt|ζ⊥ = 0
and Rica(ζ, ·) = 0, or equivalently, Rica
alt
= 0.
Proof. The so-alled Rii formula [1, p. 26℄ implies
−(Rei,ϕeiF )(X,Y ) = a˜(∇
2F )ei,ϕei(X,Y ),
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where a˜ : T ∗M ⊗T ∗M ⊗Λ2T ∗M → Λ2T ∗M ⊗Λ2T ∗M is the skewing mapping. On one hand,
by making use of rst Bianhi's identity, it is straightforward to hek that
−(Rei,ϕeiF )(X,Y ) = 4Ric
a
alt
(X,Y ).
On the other hand, it is relatively diret to hek that
a˜(∇2F )ei,ϕei(X,Y ) = −2〈ϕ(∇
U(n)
ei ξ)ϕeiX,Y 〉+ 2〈(∇
U(n)
ei ξ)ϕeiϕX,Y 〉
−2〈ϕξξeiϕeiX,Y 〉+ 2〈ξξeiϕeiϕX,Y 〉.
Now, using equation (3.1), we will obtain the following expression for Rica
alt
(X,Y ):
Rica
alt
(X,Y ) = 〈(∇U(n)ei ξ)ϕeiϕX,Y 〉+ 〈ξξeiϕeiϕX,Y 〉 (3.4)
+η ⊙ ((∇U(n)ei ξ)ϕeiη) ◦ ϕ(X,Y ) + η ⊙ (ξξeiϕeiη) ◦ ϕ(X,Y ).
Note that ∇
U(n)
ei ξ and ξ are tensors of the same type beause ∇
U(n)
is a U(n)-onnetion.
Now, by replaing X = Xζ⊥ and Y = Yζ⊥ in equation (3.4), we will obtain the rst required
identity. Likewise, by replaing X = ζ and Y = X in equation (3.4), the seond required
identity follows.
Next we prove the nal assertions in the Lemma. Denoting the spae of algebrai urvature
tensors by R, we onsider the U(n)-map Φ1 : u(n)
⊥
|ζ⊥ → R dened by
Φ1(b) = −
1
4(n+1)
(
6(ϕ(1) + ϕ(2))b⊙ F − (ϕ(1) + ϕ(2))b ∧ F
)
,
where (ϕ(1)b)(X,Y ) = −b(ϕX,Y ) and (ϕ(2)b)(X,Y ) = −b(X,ϕY ). It is easy to hek that
RicΦ1(b) = 0, Ric
acΦ1(b) = b.
Therefore, Φ1(u(n)
⊥
|ζ⊥) is ontained in the spae W ⊆ R of algebrai Weyl urvature tensors
and is isomorphi to the U(n)-module denoted by
q
λ2,0
y
in referenes. This notation is
desribed below in Setion 4. The tensor Φ1(Ric
a
alt|ζ⊥) is the omponent of W inluded inq
λ2,0
y
⊆W.
Next we onsider the the U(n)-map Φ2 : η
⊥ → R given by
Φ2(θ) = 6 (η ∧ (θ ◦ ϕ))⊙ F − η ∧ (θ ◦ ϕ) ∧ F −
6
2n−1(η ⊙ θ) > 〈·, ·〉,
where > denotes the usual Kulkarni-Nomizu produt [1℄ dened by
(a > b)(x, y, z, w) = a(x, z)b(y,w) − a(y, z)b(x,w) + a(y,w)b(x, z) − a(x,w)b(y, z). (3.5)
One an hek that
RicΦ2(θ) = 0, Ric
acΦ2(θ) =
4(n2−1)
2n−1 η ⊗ θ.
Therefore, Φ1
(
η⊥
)
is ontained in W ⊆ R and is isomorphi to the U(n)-module
q
λ1,0
y
. The
tensor Φ2(
2n−1
4(n2−1) Ric
a(ζ, ·)) is the omponent of W inluded in
q
λ1,0
y
⊆W. 
The vetor eld ξeiϕei involved in Ric
a
is given by
−2ξeiϕei = (d
∗F )♯ + d∗F (ζ)ζ + ϕ∇ζζ.
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Thus, this vetor eld is ontributed by the omponents of ξ in C4 and C6. In fat, 2ξ(4)eiϕei =
−(d∗F )♯ − ϕ∇ζζ + d∗F (ζ)ζ and ξ(6)eiϕei = −d
∗F (ζ)ζ. On the other hand, the vetor eld
ξeiei whih takes part in the harmoniity riterion is given by
−2ξeiei = ϕ(d
∗F )♯ + 2d∗η ζ +∇ζζ.
Beause 2ξ(4)eiei = −ϕ(d
∗F )♯ +∇ζζ, ξ(5)eiei = −d
∗η ζ and ξ(12)eiei = −∇ζζ, in this ase we
have a vetor eld ontributed by C4, C5 and C12.
4. Harmoni almost ontat strutures
In this setion we will show onditions relating harmoniity and Chinea and González-
Dávila's lasses of almost ontat metri strutures. Firstly, we haraterise harmoni almost
ontat strutures by means of the rough Laplaian of stabilised tensors under the ation of
U(n).
Theorem 4.1. If (M, 〈·, ·〉, ϕ, ζ) is a 2n+1-dimensional almost ontat metri manifold with
fundamental two-form F , then the following onditions are equivalent:
(i) (M, 〈·, ·〉, ϕ, ζ) is harmoni.
(ii) ∇∗∇ϕ ∈ u(n)+ζ⊥c , where ζ⊥c = {a⊗ζ−η⊗a♯ | a ∈ η⊥} ∼= η⊥∧η, and ∇∗∇ζ = −ξeiξeiζ.
(iii) [∇∗∇ϕ,ϕ] = 3η ⊗∇∗∇ζ − 3∇∗∇η ⊗ ζ, where [, ] denotes the ommutator braket for
endomorphisms, and ∇∗∇ζ = −ξeiξeiζ.
(iv) ∇∗∇F ∈ u(n) + η⊥ ∧ η, i.e. ∇∗∇F (ϕX,ϕY ) = ∇∗∇F (Xζ⊥ , Yζ⊥), and ∇∗∇η =
−ξei(ξeiη).
(v) ∇∗∇F (ϕX,ϕY ) = ∇∗∇F (X,Y )− 3η ∧ (∇∗∇η) ◦ ϕ(X,Y ) and ∇∗∇η = −ξei(ξeiη).
(vi) ∇∗∇F (X,Y ) = −4F (ξeiX, ξeiY )+ (ξeiη)∧ (ξeiη)◦ϕ(X,Y )+η∧ (ξei(ξeiη))◦ϕ(X,Y ).
(vii) For all X,Y ∈ X(M), we have 〈(∇
U(n)
ei ξ)eiXζ⊥ , Yζ⊥〉 + 〈ξξeieiXζ⊥ , Yζ⊥〉 = 0 and
(∇
U(n)
ei ξ)eiη + ξξeieiη = 0.
In partiular, an almost ontat metri struture of type C5 ⊕ . . . ⊕ C10 ⊕ C12 is harmoni if
and only if ∇∗∇ζ = ‖∇ζ‖2ζ, that is, the harateristi vetor eld ζ is a harmoni unit vetor
eld (see [11, 19℄ for this notion).
Remark 4.2. Vergara-Díaz andWood [21℄ haraterise harmoni almost ontat metri stru-
tures by the onditions ∇∗∇ϕ ∈ u(n) + ζ⊥c , and ∇∗∇ζ = ‖∇ζ‖2ζ −
1
2ϕT (ϕ). In terms given
here, one an hek that ϕT (ϕ) = 2(‖∇ζ‖2ζ + ξeiξeiζ).
Proof. For (i) implies (vi). Beause F is stabilised by U(n), by (∇
U(n)
ei ξ)ei = −ξξeiei and (2.5),
(i) implies
(∇∗∇F )(X,Y ) = −2F (ξeiX, ξeiY ) + 〈ξeiX, ξeiϕY 〉 − 〈ξeiϕX, ξeiY 〉.
Now, using (3.1) we have (vi).
For (vi) implies (v). In general, it is satised (ξXF )(ζ, ϕY ) = (ξXη)(Y ). Taking this into
aount, it is diret to hek
(∇∗∇F )(ζ, ϕX) = (∇∗∇η)(X) + 4(ξei(ξeiη))(X) + 3‖∇η‖
2η(X). (4.1)
Then, replaing X = ζ and Y = ϕX in (vi) and using again (3.1), it follows ∇∗∇η =
−ξei(ξeiη). The remaining identity for (∇
∗∇F )(ϕX,ϕY ) is diretly dedued from (vi).
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For (v) implies (i). Sine ∇∗∇η = −ξei(ξeiη), we have (∇
U(n)
ei ξ)ei + ξξeiei)η = 0. Now,
using (3.1), we an point out that, in general,
(ξei(ξeiF )) (ϕX,ϕY ) = (ξei(ξeiF )) (X,Y )− 3η ∧ (ξeiξeiη) ◦ ϕ(X,Y ).
Making use of this identity, from (v) one dedues
−2((∇U(n)ei ξ)ei + ξξeiei)F = η ∧
(
(∇U(n)ei ξ)ei + ξξeiei)η
)
◦ ϕ = 0.
But the map A → −F (A·, ·) − F (·, A·), from u(n)⊥ ⊆ so(2n + 1) to u(n)⊥ ⊆ Λ2T ∗M , is an
U(n)-isomorphism. Therefore, (∇
U(n)
ei ξ)ei + ξξeiei = 0. Thus we have (i).
For the equivalene between (iv) and (v). It is immediate that (v) implies (iv). Conversely,
using (4.1), it is not hard to see that (iv) implies (v).
For the equivalene between (iii) and (v). Beause (∇XF )(Y,Z) = 〈Y, (∇Xϕ)Z〉, it is diret
to see that (∇∗∇F )(X,Y ) = 〈X, (∇∗∇ϕ)(Y )〉. Then using this and (4.1), the equivalene
follows. Finally, the equivalenes between (ii) and (iii) and between (i) and (vii) are immediate.
The nal remark inluded in the Theorem is an immediate onsequene of the omputation
of d∗ξ by using equation (3.3). 
In next two results, for ertain types of almost ontat metri strutures, we will dedue
onditions haraterising harmoni almost ontat strutures.
Theorem 4.3. For a 2n+ 1-dimensional almost ontat metri manifold (M, 〈·, ·〉, ϕ, ζ), we
have:
(i) If M is of type D, where D = C1⊕C2⊕C5⊕C6⊕C7⊕C8, C1⊕C2⊕C9⊕C10, then the
almost ontat metri struture is harmoni if and only if Ricaalt(Xζ⊥ , Yζ⊥) = 0 and
Rica(ζ,X) = 0, for all X,Y ∈ X(M).
(ii) For n 6= 2, if M is of type C1⊕C4⊕C5⊕C6⊕C7⊕C8, then the almost ontat metri
struture is harmoni if and only if
(n− 1)(n − 5)Ricaalt(Xζ⊥ , Yζ⊥) = 2(n+ 1)(n − 3)〈ξξei eiXζ⊥ , Yζ⊥〉,
Rica(ζ,X) = − 2(ξξeieiη)(X),
for all X,Y ∈ X(M).
(iii) For n 6= 2, if M is of type C1⊕ C4⊕ C9⊕ C10, then almost ontat metri struture is
harmoni if and only if
(n− 1)(n − 5)Ricaalt(Xζ⊥ , Yζ⊥) = 2(n + 1)(n − 3)〈ξξei eiXζ⊥ , Yζ⊥〉,
Rica(ζ,X) = 2(ξξeieiη)(Xζ⊥),
for all X,Y ∈ X(M).
(iv) For n 6= 2, if M is of type C2⊕C4⊕C5⊕C6⊕C7⊕C8, then the almost ontat metri
struture is harmoni if and only if
(n− 1)Ricaalt(Xζ⊥ , Yζ⊥) = 2n〈ξξeieiXζ⊥ , Yζ⊥〉,
Rica(ζ,X) =− 2(ξξei eiη)(X),
for all X,Y ∈ X(M).
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(v) For n 6= 2, if M is of type C2⊕C4⊕C9⊕C10, then the almost ontat metri struture
is harmoni if and only if
(n− 1)Ricaalt(Xζ⊥ , Yζ⊥) = 2n〈ξξeieiXζ⊥ , Yζ⊥〉, Ric
a(ζ,X) = 2(ξξeieiη)(X),
for all X,Y ∈ X(M).
(vi) If M is normal (C3⊕C4⊕C5⊕C6⊕C7⊕C8), then the almost ontat metri struture
is harmoni if and only if
Ricaalt(Xζ⊥ , Yζ⊥) =− 2〈ξξei eiXζ⊥ , Yζ⊥〉, Ric
a(ζ,X) = −2(ξξeieiη)(X),
for all X,Y ∈ X(M).
(vii) If M is of type C3⊕C4⊕C9⊕C10, then the almost ontat metri struture is harmoni
if and only if
Ricaalt(Xζ⊥ , Yζ⊥) =− 2〈ξξeieiXζ⊥ , Yζ⊥〉, Ric
a(ζ,X) = 2(ξξei eiη)(X),
for all X,Y ∈ X(M).
(viii) If M is of type D, where D = C1 ⊕ C5 ⊕ C9, C1 ⊕ C6 ⊕ C8, then the almost ontat
metri struture is harmoni if and only if Rica(ζ,X) = 0, for all X ∈ X(M).
(ix) For n 6= 2, ifM is of type D, where D = C4⊕C5⊕C6, C4⊕C5⊕C7, C4⊕C5⊕C9, C4⊕C8,
then the almost ontat metri struture is harmoni if and only if Rica(ζ,X) = 0,
for all X ∈ X(M).
In partiular:
(i)
∗
If M is of type D, where D = C1 ⊕ C5, C1 ⊕ C8, C1 ⊕ C9, C3 ⊕ C6, C3 ⊕ C7, C3 ⊕ C10,
C5⊕C6⊕C7, C5⊕C8, C5⊕C9, C5⊕C10, C6⊕C7⊕C8, C6⊕C7⊕C10, C8⊕C9, C9⊕C10,
then the almost ontat metri struture is harmoni.
(ii)
∗
For n 6= 2, if M is of type D, where D = C4⊕ C5, C4⊕ C6, C4⊕ C7, C4⊕ C9, then the
almost ontat metri struture is harmoni.
Corollary 4.4.
(a) If an almost ontat metri struture is of type D, for D = C5 ⊕ C6 ⊕ C7, C5 ⊕ C8,
C5⊕C9, C5⊕C10, C6⊕C7⊕C8, C6⊕C7⊕C10, C8⊕C9, C9⊕C10, then the harateristi
vetor eld ζ is a harmoni unit vetor eld.
(b) For a onformally at manifold (M, 〈·, ·〉) of dimension 2n + 1 with n > 1:
(i) If an almost ontat struture ompatible with 〈·, ·〉 is of type D, where D =
C1⊕C2⊕C5⊕C6⊕C7⊕C8, C1⊕C2⊕C9⊕C10, C1⊕C5⊕C9, then it is harmoni.
(ii) For n > 2, if an almost ontat struture ompatible with 〈·, ·〉 is of type D, where
D = C4 ⊕ C5 ⊕ C6, C4 ⊕ C5 ⊕ C7, C4 ⊕ C5 ⊕ C9, C4 ⊕ C8, then it is harmoni.
In order to prove these last results, we will show some identities for almost ontat metri
strutures whih are analog to the one satised for almost Hermitian strutures (see [17, p.
182℄ or [10, Equation (4.2)℄). They are onsequenes from the fat d2F = 0 and arise when
we write d2F by means of ∇U(n) and ξ. For sake of simpliity, we will dedue suh identities
for almost ontat metri strutures of type C1⊕ . . .⊕C10, i.e. ξζ = 0. In fat, let us desribe
an expression for d2F in terms of the intrinsi torsion. Sine
1
2 (∇Y F ) (Z,W ) = 〈ξY Z,ϕW 〉 − η ⊙ (ξY η) ◦ ϕ(Z,W ),
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by alternating this identity, we get
1
2 dF (Y,Z,W ) = 〈ξY Z,ϕW 〉 + 〈ξWY, ϕZ〉+ 〈ξZW,ϕY 〉 − η ⊙ (ξY η) ◦ ϕ(Z,W )
−η ⊙ (ξWη) ◦ ϕ(Y,Z)− η ⊙ (ξZη) ◦ ϕ(W,Y ).
Now, taking ∇ = ∇U(n) − ξ into aount, we have d2F = alt(∇U(n)dF )− alt(ξdF ), where alt
is the alternation map. On the one hand, it is diret to hek that alt(∇U(n)dF ) is twie the
alternation of the tensor H given by
H(X,Y,Z,W ) = 〈
(
∇
U(n)
X ξ
)
Y
Z,ϕW 〉+ η ⊙
(
(∇
U(n)
X ξ)Y η
)
◦ ϕ(Z,W ). (4.2)
That is,
1
2
alt(∇U(n)dF )(X,Y, Z,W ) =
〈
“
∇
U(n)
X ξ
”
Y
Z,ϕW 〉+ 〈
“
∇
U(n)
X ξ
”
Z
W,ϕY 〉+ 〈
“
∇
U(n)
X ξ
”
W
Y, ϕZ〉 − 〈
“
∇
U(n)
Y ξ
”
X
Z,ϕW 〉
−〈
“
∇
U(n)
Y ξ
”
Z
W,ϕX〉 − 〈
“
∇
U(n)
Y ξ
”
W
X,ϕZ〉 + 〈
“
∇
U(n)
Z ξ
”
X
Y, ϕW 〉+ 〈
“
∇
U(n)
Z ξ
”
Y
W,ϕX〉
+〈
“
∇
U(n)
Z ξ
”
W
X,ϕY 〉 − 〈
“
∇
U(n)
W ξ
”
X
Y, ϕZ〉 − 〈
“
∇
U(n)
W ξ
”
Y
Z,ϕX〉 − 〈
“
∇
U(n)
W ξ
”
Z
X,ϕY 〉
+η ⊙
“
(∇
U(n)
X ξ)Y η
”
◦ ϕ(Z,W ) + η ⊙
“
(∇
U(n)
X ξ)Zη
”
◦ ϕ(W,Y ) + η ⊙
“
(∇
U(n)
X ξ)W η
”
◦ ϕ(Y,Z)
−η ⊙
“
(∇
U(n)
Y ξ)Xη
”
◦ ϕ(Z,W )− η ⊙
“
(∇
U(n)
Y ξ)Zη
”
◦ ϕ(W,X)− η ⊙
“
(∇
U(n)
Y ξ)W η
”
◦ ϕ(X,Z)
+η ⊙
“
(∇
U(n)
Z ξ)Xη
”
◦ ϕ(Y,W ) + η ⊙
“
(∇
U(n)
Z ξ)Y η
”
◦ ϕ(W,X) + η ⊙
“
(∇
U(n)
Z ξ)W η
”
◦ ϕ(X,Y )
−η ⊙
“
∇
U(n)
W ξ)Xη
”
◦ ϕ(Y,Z)− η ⊙
“
∇
U(n)
W ξ)Y η
”
◦ ϕ(Z,X)− η ⊙
“
∇
U(n)
W ξ)Zη
”
◦ ϕ(X,Y ).
(4.3)
On the other hand, it is diret to see that
− 1
2
alt(ξdF )(X,Y,Z,W ) =
〈ξXY, ei〉〈ξeiZ, ϕW 〉+ 〈ξXZ, ei〉〈ξeiW,ϕY 〉+ 〈ξXW, ei〉〈ξeiY, ϕZ〉
− 〈ξYX, ei〉〈ξeiZ,ϕW 〉 − 〈ξY Z, ei〉〈ξeiW,ϕX〉 − 〈ξYW, ei〉〈ξeiX,ϕZ〉
+ 〈ξZW,ei〉〈ξeiX,ϕY 〉+ 〈ξZX, ei〉〈ξeiY, ϕW 〉+ 〈ξZY, ei〉〈ξeiW,ϕX〉
− 〈ξWX, ei〉〈ξeiY, ϕZ〉 − 〈ξWY, ei〉〈ξeiZ,ϕX〉 − 〈ξWZ, ei〉〈ξeiX,ϕY 〉
+ (ξY η)(Z)(ξXη) ◦ ϕ(W ) + (ξZη)(W )(ξXη) ◦ ϕ(Y ) + (ξW η)(Y )(ξXη) ◦ ϕ(Z)
− (ξXη)(Z)(ξY η) ◦ ϕ(W )− (ξZη)(W )(ξY η) ◦ ϕ(X)− (ξW η)(X)(ξY η) ◦ ϕ(Z)
+ (ξXη)(Y )(ξZη) ◦ ϕ(W ) + (ξY η)(W )(ξZη) ◦ ϕ(X) + (ξW η)(X)(ξZη) ◦ ϕ(Y )
− (ξXη)(Y )(ξW η) ◦ ϕ(Z)− (ξY η)(Z)(ξW η) ◦ ϕ(X)− (ξZη)(X)(ξW η) ◦ ϕ(Y )
− (ξX(ξY η)) ◦ ϕ(Z)η(W )− (ξX(ξZη)) ◦ ϕ(W )η(Y )− (ξX(ξW η)) ◦ ϕ(Y )η(Z)
+ (ξY (ξXη)) ◦ ϕ(Z)η(W ) + (ξY (ξZη)) ◦ ϕ(W )η(X) + (ξY (ξW η)) ◦ ϕ(X)η(Z)
− (ξZ(ξXη)) ◦ ϕ(Y )η(W )− (ξZ(ξY η)) ◦ ϕ(W )η(X)− (ξZ(ξW η)) ◦ ϕ(X)η(Y )
+ (ξW (ξXη)) ◦ ϕ(Y )η(Z) + (ξW (ξY η)) ◦ ϕ(Z)η(X) + (ξW (ξZη)) ◦ ϕ(X)η(Y ).
(4.4)
Now, for our purposes, we need to note that d2F ∈ Λ4T ∗M and Λ4T ∗M is equal to
q
λ4,0
y
⊕q
λ3,1
y
⊕
q
λ2,0
y
∧F⊕[λ2,20 ]⊕[λ
1,1
0 ]∧F⊕RF∧F⊕
q
λ3,0
y
∧η⊕
r
λ2,10
z
∧η⊕
q
λ1,0
y
∧F ∧η.We reall
that λp,q0 is a omplex irreduible U(n)-module oming from the (p, q)-part of the omplex
exterior algebra and its orresponding dominant weight in standard oordinates is given by
(1, . . . , 1, 0, . . . , 0,−1, . . . ,−1), where 1 and −1 are repeated p and q times, respetively. The
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notation JV K means the real vetor spae underlying a omplex vetor spae V and [W ] denotes
a real vetor spae whih admits W as its omplexiation.
From now on, we are assuming that the almost ontat metri struture is of type C1 ⊕
. . .⊕C10, i.e. ξζ = 0. Our purpose is to ompute the
q
λ2,0
y
-part of d2F . This an be obtained
from the two-form πJλ2,0K ◦ F1 2(d
2F ), where F1 2 is the 1 2-ontration by F and πJλ2,0K is the
projetion Λ2T ∗M →
q
λ2,0
y
. Thus, from (4.3) and (4.4) we obtain
1
2F1 2(d
2F )(X,Y ) =
−2〈(∇
U(n)
ei ξ)ϕeiX,ϕY 〉+ 2〈(∇
U(n)
ϕei ξ)XY, ϕei〉 − 2〈(∇
U(n)
ϕei ξ)YX,ϕei〉+ 2〈(∇
U(n)
X ξ)ϕeiϕei, Y 〉
−2〈(∇
U(n)
Y ξ)ϕeiϕei, X〉 − 2〈ξξeiϕeiX,ϕY 〉+ 2〈ξXei, ξeiY, 〉 − 2〈ξY ei, ξeiX〉
−η(X)
(
(∇
U(n)
Y ξ)eiη
)
(ei) + η(Y )
(
(∇
U(n)
X ξ)eiη
)
(ei)− 2η ⊙
(
(∇
U(n)
ei ξ)ϕeiη
)
◦ ϕ(X,Y )
+η(X)
(
(∇
U(n)
ei ξ)Y η
)
(ei) + η(Y )
(
(∇
U(n)
ei ξ)Xη
)
(ei) + 2η(X)(ξξeiY η)(ei)
+2(ξeiη)(X)(ξϕeiη) ◦ ϕ(Y )− 2(ξei(ξY η))(ei)η(X) + 2(ξXη)(Y )(ξeiη)(ei)
+2(ξY η)(ei)(ξϕeiη) ◦ ϕ(X) + 2(ξei(ξϕeiη)) ◦ ϕ(X)η(Y )− (ξeiη)(ϕei)(ξXη) ◦ ϕ(Y )
+(ξeiη)(ϕei)(ξY η) ◦ ϕ(X)− 3(ξξXζη)(Y ) + 3(ξξY ζη)(X).
(4.5)
Therefore, πJλ2,0K ◦ F1 2(d
2F ) is suh that
1
2 πJλ2,0K ◦ F1 2(d
2F )(Xζ⊥ , Yζ⊥) =
− 2〈(∇U(n)ei ξ)ϕeiXζ⊥ , ϕYζ⊥〉+ 〈(∇
U(n)
ϕei
ξ)X
ζ⊥
Yζ⊥ , ϕei〉 − 〈(∇
U(n)
ϕei
ξ)Y
ζ⊥
Xζ⊥ , ϕei〉
− 〈(∇U(n)ϕei ξ)ϕXζ⊥ϕYζ⊥ , ϕei〉+ 〈(∇
U(n)
ei
ξ)ϕY
ζ⊥
ϕXζ⊥ , ei〉+ 〈(∇
U(n)
X
ζ⊥
ξ)eiei, Yζ⊥〉
− 〈(∇
U(n)
Y
ζ⊥
ξ)eiei, Xζ⊥〉 − 〈(∇
U(n)
ϕX
ζ⊥
ξ)eiei, ϕYζ⊥〉+ 〈(∇
U(n)
ϕY
ζ⊥
ξ)eiei, ϕXζ⊥〉
− 2〈ξξeiϕeiXζ⊥ , ϕYζ⊥〉+ 〈ξXζ⊥ ei, ξeiYζ⊥〉 − 〈ξYζ⊥ ei, ξeiXζ⊥〉
− 〈ξϕX
ζ⊥
ei, ξeiϕYζ⊥〉+ 〈ξϕYζ⊥ ei, ξeiϕXζ⊥〉+ (ξeiη)(Xζ⊥)(ξϕeiη) ◦ ϕ(Yζ⊥)
− (ξeiη)(Yζ⊥)(ξϕeiη) ◦ ϕ(Xζ⊥) +
1
2 (ξXζ⊥ η)(Yζ⊥)(ξeiη)(ei)−
1
2 (ξYζ⊥ η)(Xζ⊥)(ξeiη)(ei)
− 12 (ξϕXζ⊥ η)(ϕYζ⊥ )(ξeiη)(ei) +
1
2 (ξϕYζ⊥ η)(ϕXζ⊥)(ξeiη)(ei)−
1
2 (ξYζ⊥ η)(ϕei)(ξeiη) ◦ ϕ(Xζ⊥)
+ 12 (ξXζ⊥ η)(ϕei)(ξeiη) ◦ ϕ(Yζ⊥) +
1
2 (ξϕYζ⊥η)(ei)(ξϕeiη)(Xζ⊥)−
1
2 (ξϕXζ⊥ η)(ei)(ξϕeiη)(Yζ⊥)
− 12 (ξeiη)(ϕei)(ξXζ⊥ η) ◦ ϕ(Yζ⊥) +
1
2 (ξeiη)(ϕei)(ξYζ⊥ η) ◦ ϕ(Xζ⊥)−
1
2 (ξeiη)(ϕei)(ξϕXζ⊥ η)(Yζ⊥)
+ 12 (ξeiη)(ϕei)(ξϕYζ⊥ η)(Xζ⊥)−
3
2 (ξXζ⊥ η)(ei)(ξeiη)(Yζ⊥) +
3
2 (ξYζ⊥ η)(ei)(ξeiη)(Xζ⊥)
+ 32 (ξϕXζ⊥ η)(ei)(ξeiη)(ϕYζ⊥ )−
3
2 (ξϕYζ⊥ η)(ei)(ξeiη)(ϕXζ⊥).
From this expression, taking into aount the properties of the omponents ξ(1), . . . , ξ(10) of
ξ (see [5℄), one an obtain πJλ2,0K ◦ F1 2(d
2F ) given in terms of ξ(1), . . . , ξ(10). We reall that
if ∇U(n) is a U(n)-onnetion, then ∇U(n)ξ(i) ∈ Ci. Thus, we get
1
4πJλ2,0K ◦ F1 2(d
2F ) whih is
the right side of next equation. Then we have
Lemma 4.5. For almost ontat metri strutures of type C1⊕ . . .⊕C10, the following identity
is satised
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0 = 3〈(∇
U(n)
ei ξ(1))eiXζ⊥ , Yζ⊥〉 − 〈(∇
U(n)
ei ξ(3))eiXζ⊥ , Yζ⊥〉+ (n− 2)〈(∇
U(n)
ei ξ(4))eiXζ⊥ , Yζ⊥〉
+〈ξ(3)X
ζ⊥
ei, ξ(1)eiYζ⊥〉 − 〈ξ(3)Yζ⊥ ei, ξ(1)eiXζ⊥〉+ 〈ξ(3)Xζ⊥ ei, ξ(2)eiYζ⊥〉 − 〈ξ(3)Yζ⊥ ei, ξ(2)eiXζ⊥〉
−n−5
n−1 〈ξ(1)ξ(4)eieiXζ⊥ , Yζ⊥〉 −
n−2
n−1 〈ξ(2)ξ(4)eieiXζ⊥ , Yζ⊥〉+ 〈ξ(3)ξ(4)ei eiXζ⊥ , Yζ⊥〉
+(n− 2)(ξ(5) eiη) ∧ (ξ(10) eiη)(Xζ⊥ , Yζ⊥)− 2(ξ(8) eiη) ∧ (ξ(10) eiη)(Xζ⊥ , Yζ⊥)
+(n− 2)(ξ(6) eiη) ∧ (ξ(10) eiη)(Xζ⊥ , Yζ⊥)− 2(ξ(7) eiη) ∧ (ξ(10) eiη)(Xζ⊥ , Yζ⊥).
In order to ompute the
q
λ1,0
y
-part of d2F , we replae X = ζ and Y = Yζ⊥ in (4.5). Thus,
making extensive use of the properties of ξ(1), . . . , ξ(10), we get
1
4
F1 2(d
2F ) (ζ, Yζ⊥) =
〈(∇
U(n)
ζ ξ(4))eiei, Yζ⊥〉+ (n− 2)
“
(∇
U(n)
ei ξ(5))eiη
”
(Yζ⊥ )−
“
(∇
U(n)
ei ξ(6))eiη
”
(Yζ⊥)
−
“
(∇
U(n)
ei ξ(7))eiη
”
(Yζ⊥)− 2
“
(∇
U(n)
ei ξ(8))eiη
”
(Yζ⊥ ) +
“
(∇
U(n)
ei ξ(9))eiη
”
(Yζ⊥)
+2
“
(∇
U(n)
ei ξ(10))eiη
”
(Yζ⊥) + 2(ξ(9)eiη)(ξ(1)eiYζ⊥ ) + (ξ(9)eiη)(ξ(2)eiYζ⊥)− 3(ξ(10)eiη)(ξ(2)eiYζ⊥)
+(ξ(5)eiη)(ξ(3)eiYζ⊥)− (ξ(6)eiη)(ξ(3)eiYζ⊥ )− (ξ(7)eiη)(ξ(3)eiYζ⊥) + (ξ(8)eiη)(ξ(3)eiYζ⊥ )
−(ξ(9)eiη)(ξ(3)Y ei)− (ξ(10)eiη)(ξ(3)Y ei) +
1
2n
(ξ(6)eiη)(ϕei)〈ξ(4)eiei, ϕYζ⊥ 〉
− 1
n−1
(ξ(7)Yζ
⊥
η)(ξ(4)eiei) +
n
n−1
(ξ(8)Y η)(ξ(4)eiei) +
n−3
n−1
(ξ(10)Yζ
⊥
η)(ξ(4)eiei).
(4.6)
On the other hand, by replaing X = Yζ⊥ and Y = ζ, we will obtain
1
4
F1 2(d
2F ) (Yζ⊥ , ζ) =
−〈(∇
U(n)
ζ ξ(4))eiei, Yζ⊥〉 − (n− 1)
“
(∇
U(n)
ei ξ(5))eiη
”
(Yζ⊥ )− 2
“
(∇
U(n)
ei ξ(6))eiη
”
(Yζ⊥)
−2
“
(∇
U(n)
ei ξ(7))eiη
”
(Yζ⊥) +
“
(∇
U(n)
ei ξ(8))eiη
”
(Yζ⊥) + 2((∇
U(n)
ei ξ(9))Xη)ei
−
“
(∇
U(n)
ei ξ(10))eiη
”
(Yζ⊥)− (ξ(6)eiη)(ξ(1)ei(Yζ⊥))− (ξ(7)eiη)(ξ(1)ei(Yζ⊥))
−2(ξ(9)eiη)(ξ(1)eiYζ⊥)− (ξ(10)eiη)(ξ(1)eiYζ⊥)− (ξ(6)eiη)(ξ(2)ei(Yζ⊥))− (ξ(7)eiη)(ξ(2)ei(Yζ⊥))
−(ξ(9)eiη)(ξ(2)ei(Yζ⊥ )) + 2(ξ(10)eiη)(ξ(2)eiYζ⊥ ) + (ξ(6)eiη)(ξ(3)eiYζ⊥) + (ξ(7)eiη)(ξ(3)eiYζ⊥)
+(ξ(9)eiη)(ξ(3)Yζ
⊥
ei) + (ξ(10)eiη)(ξ(3)Yζ
⊥
ei) + (ξ(9)eiη)(ξ(3)eiYζ⊥)
− 1
2n
(ξ(6)eiη)(ϕei)〈ξ(4)eiei, ϕYζ⊥ 〉+
1
n−1
(ξ(7)Yζ
⊥
η)(ξ(4)eiei) +
2
n−1
(ξ(10)Yζ
⊥
η)(ξ(4)eiei).
(4.7)
Sine d2F = 0, from these two identities the last two identities inluded in next Lemma
are immediate onsequenes. The rst identity in the Lemma is obtained by summing the
equations (4.6) and (4.7).
Lemma 4.6. For almost ontat metri manifolds of type C1⊕ . . .⊕C10, the following identity
is satised
0 = −
(
(∇
U(n)
ei ξ(5))eiη
)
(Yζ⊥)− 3
(
(∇
U(n)
ei ξ(6))eiη
)
(Yζ⊥)− 3
(
(∇
U(n)
ei ξ(7))eiη
)
(Yζ⊥)
−
(
(∇
U(n)
ei ξ(8))eiη
)
(Yζ⊥) + 3
(
(∇
U(n)
ei ξ(9))eiη
)
(Yζ⊥) +
(
(∇
U(n)
ei ξ(10))eiη
)
(Yζ⊥)
−(ξ(6)eiη)(ξ(1)eiYζ⊥)− (ξ(7)eiη)(ξ(1)eiYζ⊥)− (ξ(10)eiη)(ξ(1)eiYζ⊥)
−(ξ(6)eiη)(ξ(2)eiYζ⊥)− (ξ(7)eiη)(ξ(2)eiYζ⊥) + (ξ(10)eiη)(ξ(2)eiYζ⊥)
+(ξ(5)eiη)(ξ(3)eiYζ⊥) + (ξ(8)eiη)(ξ(3)eiYζ⊥) + (ξ(9)eiη)(ξ(3)eiYζ⊥)
+ nn−1(ξ(8)ξ(4)eieiη)(Yζ⊥)− (ξ(10)ξ(4)eieiη)(Yζ⊥).
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In partiular, if the almost ontat metri manifold is of type C5 ⊕ · · · ⊕ C10, then
0 = (n− 1)(∇U(n)ei ξ(5))ei + 2(∇
U(n)
ei ξ(6))ei + 2(∇
U(n)
ei ξ(7))ei
−(∇U(n)ei ξ(8))ei − 2(∇
U(n)
ei ξ(9))ei + (∇
U(n)
ei ξ(10))ei ,
0 = (n− 2)(∇U(n)ei ξ(5))ei − (∇
U(n)
ei ξ(6))ei − (∇
U(n)
ei ξ(7))ei
−2(∇U(n)ei ξ(8))ei + (∇
U(n)
ei ξ(9))ei + 2(∇
U(n)
ei ξ(10))ei .
In the following proofs below we will make extensive use of the identities ontained in
Lemmas 4.5 and 4.6. Likewise, we will need to use the fat ξ(4) ξeiei = 0 satised by almost
ontat metri strutures of type C1 ⊕ · · · ⊕ C10.
Proof of Theorem 4.3. For (i). The tensor ξ for almost ontat metri strutures of type
C1⊕C2⊕C5⊕C6⊕C7⊕C8 is suh that ξζ = 0, ξϕXϕY = −ξX
ζ⊥
Yζ⊥ and (ξϕXη)(ϕY ) = (ξXη)(Y )
[5℄. Also in suh a ase, we have ξξeiϕeiη = 0. Therefore, by Lemma 3.1 and Theorem 4.1
(vii), (i) follows.
The proof for D = C1 ⊕ C2 ⊕ C9 ⊕ C10 is similar. In this ase we have ξζ = 0, ξϕXϕY =
−ξX
ζ⊥
Yζ⊥ , (ξϕXη)(ϕY ) = −(ξXη)(Y ) and ξξeiϕeiη = 0.
For (ii). Beause the struture is of type C1 ⊕ C4 ⊕ C5 ⊕ C6 ⊕ C7 ⊕ C8, the identities in
Lemmas 3.1 and 4.5 are given respetively by
0 = 3〈(∇U(n)ei ξ(1))eiXζ⊥ , Yζ⊥〉+ (n− 2)〈(∇
U(n)
ei ξ(4))eiXζ⊥ , Yζ⊥〉 (4.8)
−n−5n−1〈ξ(1)ξ(4)eieiXζ⊥ , Yζ⊥〉,
Rica
alt
(Xζ⊥ , Yζ⊥) = 〈ξ(1)ξ(4)eiei
Xζ⊥ , Yζ⊥〉 − 〈(∇
U(n)
ei ξ(2))eiXζ⊥ , Yζ⊥〉 (4.9)
+〈(∇U(n)ei ξ(4))eiXζ⊥ , Yζ⊥〉.
Likewise, the rst one of the haraterising onditions for harmoni almost ontat stru-
tures given in Theorem 3.1 (vii) is expressed by
− 〈ξ(1)ξ(4)eiei
Xζ⊥ , Yζ⊥〉 = 〈(∇
U(n)
ei ξ(1))eiXζ⊥ , Yζ⊥〉+ 〈(∇
U(n)
ei ξ(4))eiXζ⊥ , Yζ⊥〉. (4.10)
Now, for n ≥ 3, it is straightforward to hek that equations (4.8), (4.9) and (4.10) imply the
expression for Rica
alt
required in (ii).
On the other hand, for almost ontat metri strutures of type C1⊕C4⊕C5⊕C6⊕C7⊕C8,
we have (ξϕXη)(ϕY ) = (ξXη)(Y ). Moreover, ξξeiϕeiη = ξξ(4)eiϕei
η = −ξϕξeieiη. Therefore,
Rica(ζ,X) = ((∇U(n)ei ξ)eiη)(X) − (ξξeieiη)(X).
Now, from the seond ondition in Theorem 4.1 (vii), it follows Rica(ζ,X) = −2(ξξeieiη)(X).
Conversely, it is also diret to see that the expressions for Rica in (ii) and equations (4.8)
and (4.9) imply equation (4.10) and (∇
U(n)
ei ξ)eiη + ξξeieiη = 0. Therefore, the almost ontat
metri struture is harmoni.
The proof for (iii) is similar to the one for (ii). The only dierene is that in this ase we
have (ξϕXη)(ϕY ) = −(ξXη)(Y ).
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For (iv). If the struture is of type C2 ⊕ C4 ⊕ C5 ⊕ C6 ⊕ C7 ⊕ C8, then the identities in
Lemmas 3.1 and 4.5 are given respetively by
0 = (n− 2)〈(∇U(n)ei ξ(4))eiXζ⊥ , Yζ⊥〉 −
n−2
n−1〈ξ(2)ξ(4)eieiXζ⊥ , Yζ⊥〉, (4.11)
Rica
alt
(Xζ⊥ , Yζ⊥) = 〈ξ(2)ξ(4)eiei
Xζ⊥ , Yζ⊥ − 〈(∇
U(n)
ei ξ(2))eiXζ⊥ , Yζ⊥〉
+〈(∇
U(n)
ei ξ(4))eiXζ⊥ , Yζ⊥〉.
(4.12)
For this ase, the rst ondition given in Theorem 4.1 (vii) is expressed by
− 〈ξ(2)ξ(4)eiei
Xζ⊥ , Yζ⊥〉 = 〈(∇
U(n)
ei ξ(2))eiXζ⊥ , Yζ⊥〉+ 〈(∇
U(n)
ei ξ(4))eiXζ⊥ , Yζ⊥〉. (4.13)
Now, for n ≥ 3, it is straightforward to hek that equations (4.11), (4.12) and (4.13) imply
the rst required identity in (iv). The expression for Rica(ζ,X) follows as in the proof for
(ii).
Conversely, it is also diret to see that the expressions for Rica in (iv) and equations (4.11)
and (4.12) imply equation (4.13) and (∇
U(n)
ei ξ)eiη+ ξξeieiη = 0. Therefore, the almost ontat
metri struture is harmoni.
The proof for (v) is similar to the one for (iv). Note that in this ase (ξϕXη)(ϕY ) =
−(ξXη)(Y ).
For (vi). The intrinsi torsion ξ for normal strutures is suh that ξζ = 0, ξϕXϕY = ξX
ζ⊥
Yζ⊥
and (ξϕXη)(ϕY ) = (ξXη)(Y ) (see [5℄). Therefore, the required identities in (vi) are immediate
onsequenes of Lemma 3.1 and Theorem 4.1 (vii).
The proof for (vii) is similar to the one for (vi). In this ase we have ξζ = 0, ξϕXϕY =
ξX
ζ⊥
Yζ⊥ and (ξϕXη)(ϕY ) = (ξXη)(Y ).
Finally, (viii), (ix), (i)
∗
and (ii)
∗
are immediate onsequenes of Theorem 4.1 (vii), Lemma
4.5 and Lemma 4.6. 
Proof of Corollary 4.4. The assertions are immediate onsequenes of Lemma 3.1, Theorem
4.1 and Theorem 4.3. 
Now, we fous our attention on studying harmoniity of almost ontat metri strutures
as a map into SO(M)/(U(n)×1). Results in that diretion were already obtained by Vergara-
Díaz and Wood [21℄. We will omplete suh results by using tools here presented. In next
Lemma, sac will denote the ac-salar urvature dened by sac = Rica(ei, ei). If Ric
a(X,Y ) =
1
2ns
ac(〈X,Y 〉−η(X)η(Y )), the almost ontat metri manifold is said to be weakly-a-Einstein.
If sac is onstant, a weakly-a-Einstein is alled a-Einstein.
In Riemannian geometry, it is satised 2d∗Ric+ds = 0, where s is the salar urvature.
The a-analogue in almost ontat metri geometry does not hold in general.
Lemma 4.7. For almost ontat metri manifolds of type C1 ⊕ . . .⊕ C10, we have
2d∗(Rica)t(X) + dsac(X) = 2〈Rei,X , ξϕeiϕ〉 − 4Ric
a(X, ξeiei)
+ 4〈Rica, ξ♭X〉 − 2d
∗F (ζ)Rica(ζ, ϕX),
where (Rica)t(X,Y ) = Rica(Y,X) and ξ♭X(Y,Z) = 〈ξXY,Z〉. In partiular, if the manifold
is weakly-a-Einstein, then
(n− 1)dsac(X) + (dsac(ζ) + sacd∗η)η(X) = 2n〈R(ei,X), ξϕeiϕ〉 − 2s
ac〈ξeiei,X〉.
18 J. C. GONZÁLEZ-DÁVILA AND F. MARTÍN CABRERA
Proof. Note that (Rica)t(X,Y ) = 12〈Rei,ϕeiY, ϕX〉. Then, we get
d∗(Rica)t(X) = −(∇ej(Ric
a)t(ej ,X)
= −12ej〈Rei,ϕeiX,ϕej〉+
1
2 〈Rei,ϕei∇ejX,ϕej〉+
1
2〈Rei,ϕeiX,ϕ∇ejej〉
= −12〈(∇ejR)ei,ϕeiX,ϕej〉 − 〈R∇ej ei,ϕeiX,ϕej〉 −
1
2〈Rei,ϕeiX, (∇ejϕ)ej〉.
Now, sine (∇ejϕ)(ej) = 2ϕξejej + d
∗F (ζ)ζ, using symmetry properties of R, it follows that
d∗(Rica)t(X) = −12〈(∇ejR)X,ϕejei, ϕei〉+ 〈RX,ejei,∇ϕejϕei)〉 − 〈Rei,ϕeiX,ϕξejej〉
−12d
∗F (ζ)〈R(ei,ϕei)X, ζ〉.
Using seond Bianhi's identity and taking into aount
〈RX,ejei,∇ϕejϕei)〉 = 〈RX,ejei,∇
U(n)
ϕej ϕei)〉 − 〈RX,ejei, ξϕejϕei)〉,
we get
d∗(Rica)t(X) = −14〈(∇XR)ej ,ϕejei, ϕei〉 − 〈RX,ej , ξϕejϕ〉
−2Rica(X, ξejej)− d
∗F (ζ)Rica(ζ, ϕX).
Note that
〈RX,ejei,∇
U(n)
ϕej ϕei)〉 = 〈RX,ejei, ek〉〈∇
U(n)
ϕej ϕei, ek〉 = 0,
beause it is a salar produt of a skew-symmetri matrix by a symmetri matrix.
Finally, it is obtained
2d∗(Rica)t(X) = −12〈(∇XR)ej ,Jejei, ϕei〉 − 2〈RX,ej , ξϕejϕ〉 (4.14)
−4Rica(X, ξejej)− 2d
∗F (ζ)Rica(ζ, ϕX).
In a seond instane, ones obtains dsac(X) = 12X〈Rei,Jeiej, Jej〉. Hene
dsac(X) = 12〈(∇XR)ei,ϕeiej , ϕej〉+ 2〈Rei,ϕeiej ,∇Xϕej〉.
But we also have that
〈Rei,ϕeiej ,∇Xϕej〉 = 〈Rei,ϕeiej , ek〉〈∇
U(n)
X ϕej , ek〉 − 〈Rei,ϕeiej , ek〉〈ξXϕej , ek〉
= 〈Rei,ϕeiej , ϕξXej〉+ η(ξXϕej)〈Rei,ϕeiζ, ej〉
= 2Rica(ei, ξXei)− 2η(ξXϕej)Ric
a(ζ, ϕej)
= 2Rica(ei, ξXei) + 2Ric
a(ζ, ξXζ)
= 2〈Rica, ξX〉.
Thus,
dsac(X) = 12〈(∇XR)ei,ϕeiej, ϕej〉+ 4〈Ric
a, ξ♭X〉. (4.15)
From (4.14) and (4.15), the required identity is obtained. 
Theorem 4.8. For an 2n+1-dimensional almost ontat metri manifold (M, 〈·, ·〉, ϕ, ζ), we
have:
(i) If M is of type D, where D = C1⊕C2⊕C5⊕C6⊕C7⊕C8 or D = C1⊕C2⊕C9⊕C10, then
the almost ontat metri struture is a harmoni map if and only if it is a harmoni
struture and 2d∗Rica+dsac = 0. In partiular:
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(a) If the struture is of type C1⊕C2⊕C5⊕C6⊕C7⊕C8 and the manifold is weakly-
ac-Einstein, then the almost ontat metri struture is a harmoni map if and
only if sac satises n dsac = sac d∗η η = −sac ξ♭eiei.
(b) If the struture is of type D = C1 ⊕ C2 ⊕ C9 ⊕ C10,C1 ⊕ C2 ⊕ C6 ⊕ C7 ⊕ C8 and
the manifold is weakly-ac-Einstein, then the almost ontat metri struture is a
harmoni map if and only if sac is onstant.
() If the manifold is nearly-K-osympleti (C1), then almost ontat metri stru-
ture is a harmoni map.
(ii) If M is of type D, where D = C3⊕C4⊕C5⊕C6⊕C7⊕C8 or D = C3⊕C4⊕C9⊕C10, then
the almost ontat metri struture is a harmoni map if and only if it is a harmoni
struture and
2d∗(Rica)t(X) + dsac(X) + 4Rica(X, ξejej)
−4〈Rica, ξ♭X〉+ 2d
∗F (ζ)Rica(ζ, ϕX) = 0,
for all X ∈ X(M). In partiular,
(a)
∗
If Rica is symmetri, then the almost ontat metri struture is a harmoni map
if and only if ξξeiei = 0 and 2d
∗ Rica+dsac + 4ξeieiyRic
a = 0. Furthermore, if
the manifold is weakly-ac-Einstein, then the almost ontat metri struture is a
harmoni map if and only if ξξeiei = 0 and (n − 1)ds
ac + (dsac(ζ) − sacd∗η)η +
2sacξ♭eiei = 0.
(b)
∗
If the almost ontat metri struture is of type C3 ⊕ Ci, i = 6, 7, 10, then the
struture is a harmoni map if and only if
2d∗Rica+dsac = 0.
Furthermore, if the manifold is also weakly-ac-Einstein, then the almost ontat
metri struture is a harmoni map if and only if sac is onstant.
()
∗
For n 6= 2, if the almost ontat metri struture is of type C4 ⊕ Ci, i = 5, 6, 7, 9,
then the struture is a harmoni map if and only if
2d∗Rica+dsac + 4ξeieiyRic
a = 0.
Proof. Most of the results ontained in Theorem are immediate onsequenes of Theorem 4.3
and Lemma 4.7. 
Remark 4.9. If a nearly-K-osympleti struture is at, then it is osympleti, i.e. ξ = 0.
In fat, in [21℄ it is shown that [u(n)⊥|ζ⊥ , u(n)
⊥
|ζ⊥ ] ⊆ u(n) and, for nearly-K-osympleti
strutures, ξX ∈ u(n)
⊥
|ζ⊥, for all X ∈ X(M). Therefore, by Proposition 2.3 (i), the assertion
follows.
5. Almost ontat metri strutures with minimal energy
In this setion we will apply the simple and elegant argument used by Bör et al. in [4℄ to
almost ontat metri manifolds. For oriented and ompat Riemannian manifolds (M, 〈·, ·〉)
of dimension n equipped with a G-struture, G ⊆ SO(n) and a dierential p-form φ preserved
by the ation of G, the following Bohner type formula was dedued in [3℄∫
M
(
1
p+1‖dφ‖
2 + p‖d∗φ‖2 − ‖∇φ‖2
)
=
∫
M
〈R˜φ, φ〉, (5.1)
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where the volume form dv is omitted for sake of simpliity and the operator R˜ is dened as
follows. We rstly remind that, for a ovariant p-tensor α, we denote
altα(x1, . . . , xp) =
∑
τ sign(τ)α(xτ(1), . . . , xτ(p)),
where the sum is extended on the set of permutations τ of {1, . . . , p} and sign(τ) denotes the
signature of τ . If φ is a skew-symmetri p-form, we write
(Rcφ)(x1, . . . , xp) = (Rx1,eiφ)(ei, x2, . . . , xp).
That is, the operator Rx,y ating on the p-form φ in the usual way and then doing the indiated
ontration. Finally, it is dened
R˜(φ) = alt(Rcφ).
Remark 5.1. The onstant oeients in the identity are dierent in [3℄. This is due to the
dierent onventions followed by us for the wedge produt, the salar produt of p-forms, et.
In the ontext of almost ontat metri geometry, sine 〈R˜F,F 〉 = 2(s − sac − Ric(ζ, ζ)),
the Bohner type formula for the fundamental two-form F is given by∫
M
(
1
3‖dF‖
2 + 2‖d∗F‖2 − ‖∇F‖2
)
= 2
∫
M
(s− sac − Ric(ζ, ζ)).
Moreover, sine 〈R˜η, η〉 = Ric(ζ, ζ), for the harateristi one-form η we have∫
M
(
1
2‖dη‖
2 + ‖d∗η‖2 − ‖∇η‖2
)
=
∫
M
Ric(ζ, ζ).
From the expression for the intrinsi torsion given by equation (3.2), it follows that
4‖ξ‖2 = ‖∇F‖2 + 6‖∇η‖2.
We reall that ∇F ∈ C1 ⊕ · · · ⊕ C12, ∇η ∈ C5 ⊕ · · · ⊕ C10 ⊕ C12. Taking this into aount and
the properties of a tensor in the module Ci, i = 1, . . . , 12, (see [5℄), it is not hard to dedue
4‖ξ(i)‖
2 = ‖(∇F )(i)‖
2, ‖(∇η)(i)‖
2 = 0, i = 1, 2, 3, 4, 11;
‖ξ(i)‖
2 = ‖(∇F )(i)‖
2, 2‖(∇η)(i)‖
2 = ‖ξ(i)‖
2, i = 5, 6, 7, 8, 9, 10, 12.
Moreover, if we onsider the deomposition
Λ3T∗M =
q
λ3,0
y
⊕
r
λ2,10
z
⊕
q
λ1,0
y
∧ F ⊕ RF ∧ η ⊕
r
λ1,10
z
∧ η ⊕
q
λ2,0
y
∧ η,
and the U(n)-map alt : T∗M ⊗ u(n)⊥ → Λ3T ∗M , the exterior derivative dF = alt(∇F ) is in
Ca1 ⊕ C
a
3 ⊕ C
a
4 ⊕ C
a
5 ⊕ C
a
8 ⊕ C
a
10,11, where
Ca1 =
q
λ3,0
y
= alt(C1), C
a
3 =
r
λ2,10
z
= alt(C3), C
a
4 =
q
λ1,0
y
∧ F = alt(C4),
Ca5 = RF ∧ η = alt(C5), C
a
8 =
r
λ1,10
z
∧ η = alt(C8), C
a
10,11 =
q
λ2,0
y
∧ η = alt(C10 + C11).
To be more preise, the omponent of dF in Ca10,11 is given by
(dF )(10,11) = −η ∧
(
2(∇η)(10) ◦ ϕ+ ϕ(∇ζF )
)
.
Remark 5.2. Note that ϕ(∇ζF ) = ϕ(∇ζF )(11) = −(∇ζF )(11). So that, if an almost ontat
metri struture is of type C10 ⊕ C11 suh that ∇η ◦ ϕ = ∇ζF , then dF = 0.
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Now using the properties satised by the dierent omponents of ∇F (see again [5℄), we
have the following relations
‖(dF )(1)‖
2 = 9‖(∇F )(1)‖
2; ‖(dF )(i)‖
2 = 3‖(∇F )(i)‖
2, i = 3, 4;
‖(dF )(i)‖
2 = 6‖(∇F )(i)‖
2, i = 5, 8; ‖(dF )(10,11)‖
2 = 3‖2(∇η)(10) ◦ ϕ− (∇ζF )(11)‖
2.
Let us also reall that ‖(∇ζF )(11)‖
2 = ‖(∇F )(11)‖
2
.
Next we onsider the U(n)-map c1 2 : T
∗M ⊗ u(n)⊥ :→ T ∗M dened by the ontration
c1 2(a)(X) = a(ei, ei,X). The oderivative d
∗F = −c1 2(∇F ) is in Cc4,12 ⊕ C
c
6, where C
c
4,12 =
η⊥ = c1 2(C4⊕C12) and Cc6 = Rη = c1 2(C6). In fat, (d
∗F )(4,12) = −eiy(∇eiF )(4)+(∇ζη)(12)◦ϕ
and (d∗F )(6) = d∗F (ζ)η.
Remark 5.3. Note that if an almost ontat metri struture is of type C4 ⊕ C12 suh that
eiy(∇eiF )(4) = (∇ζη)(12) ◦ ϕ or, equivalently, ϕeiy(∇ϕeiF ) = (∇ζη) ◦ ϕ, then d
∗F = 0.
Now using the properties of the dierent omponents of ∇F , we have
‖(d∗F )(4,12)‖2 = ‖ − eiy(∇eiF )(4) + (∇ζη)(12) ◦ ϕ‖
2, ‖(d∗F )(6)‖2 = n‖(∇F )(6)‖2.
We will also reall that ‖eiy(∇eiF )(4)‖
2 = n−12 ‖(∇F )(4)‖
2
and ‖(∇η)(12)‖
2 = ‖(∇ζη)(12)‖
2
.
Now we will analyse the exterior derivative of the harateristi one-form η. The deompo-
sition of the spae of skew-symmetri two-forms is given by Λ2T∗M = RF ⊕
r
λ1,10
z
⊕
q
λ2,0
y
⊕
η ∧ η⊥, where RF ∼= C6,
r
λ1,10
z
∼= C7,
q
λ2,0
y
∼= C10 and η ∧ η
⊥ ∼= C12. Therefore, making use
of the alternating map alt : ⊗2T∗M → Λ2T∗M , for the exterior derivative dη = alt(∇η), we
have
‖(dη)(i)‖
2 = 4‖(∇η)(i)‖
2, i = 6, 7, 10; ‖(dη)(12)‖
2 = 2‖(∇η)(12)‖
2.
Finally, it is easy to see that d∗η = −(∇eiη)(5)ei. Therefore, (d
∗η)2 = 2n‖(∇η)(5)‖2.
Taking all of this into aount, we obtain the following Bohner type formulas∫
M
(
8‖ξ(1)‖
2 − 4‖ξ(2)‖
2 + ‖ξ(5)‖
2 + (2n− 1)‖ξ(6)‖
2 − ‖ξ(7)‖
2 + ‖ξ(8)‖
2 − ‖ξ(9)‖
2 − ‖ξ(10)‖
2
−4‖ξ(11)‖
2 − ‖ξ(12)‖
2 + ‖2(∇η)(10) ◦ ϕ− (∇ζF )(11)‖
2 +2‖ − eiy(∇eiF )(4) + (∇ζη)(12) ◦ ϕ‖
2
)
= 2
∫
M
(s− sac − Ric(ζ, ζ)) , (5.2)∫
M
(
(2n − 1)‖ξ(5)‖
2 + ‖ξ(6)‖
2 + ‖ξ(7)‖
2 − ‖ξ(8)‖
2 − ‖ξ(9)‖
2 + ‖ξ(10)‖
2
)
= 2
∫
M
Ric(ζ, ζ).
(5.3)
Now restriting our attention on onformally at manifolds, we display the next result
where we will denote by ϕσ, Fσ , ησ, ζσ and ξ(i)(σ) the orresponding tensors assoiated to an
almost ontat metri struture σ.
Theorem 5.4. Let (M, 〈·, ·〉) be a 2n+ 1-dimensional onformally at ompat Riemannian
manifold, where n > 1. If s is the salar urvature and C〈·,·〉 =
∫
M s, that is, a onstant
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depending on the metri 〈·, ·〉, then every almost ontat metri struture σ ompatible with
〈·, ·〉 satises
2(n−1)
2n−1 C〈·,·〉 =
∫
M
(
4‖ξ(1)(σ)‖
2 − 2‖ξ(2)(σ)‖
2 + (n− 1)‖ξ(5)(σ)‖
2 + (2n+1)(n−1)2n−1 ‖ξ(6)(σ)‖
2
− 12n−1‖ξ(7)(σ)‖
2 + 12n−1‖ξ(8)(σ)‖
2 − 2(n−1)2n−1 ‖ξ(9)(σ)‖
2 − 12n−1‖ξ(10)(σ)‖
2
−2‖ξ(11)(σ)‖
2 − ‖ξ(12)(σ)‖
2 + 12‖2(∇ησ)(10) ◦ ϕσ − (∇ζσFσ)(11)‖
2
+‖ − eiy(∇eiFσ)4 + (∇ζσησ)(12) ◦ ϕσ‖
2
)
. (5.4)
Moreover:
(i) If σ0 is an almost ontat struture ompatible with 〈·, ·〉 of type C1⊕C4 and n = 3, then
σ0 is an energy minimiser suh that its total bending is B(σ0) =
1
10C〈·,·〉. Furthermore,
in this situation any other energy minimiser is of type C1 ⊕ C4.
(ii) If n = 2 or n ≥ 4, and σ0 is an almost ontat struture ompatible with 〈·, ·〉 of type
C4, then σ0 is an energy minimiser suh that its total bending is B(σ0) =
1
2(2n−1)C〈·,·〉.
Furthermore, in this situation any other energy minimiser is of type C4.
(iii) If σ0 is an almost ontat struture ompatible with 〈·, ·〉 of type C2, then σ0 is an
energy minimiser suh that its total bending is B(σ0) = −
n−1
2(2n−1)C〈·,·〉. Furthermore,
in this situation any other energy minimiser is of type C2.
Proof. If n > 1 and M is onformally at, the Rii urvature tensor ompletely determines
the Riemannian urvature R. Thus we have
R = 12n−1〈·, ·〉 > Ric− s4n(2n−1)〈·, ·〉 > 〈·, ·〉.
We reall that > is the Kulkarni-Nomizu produt dened by equation (3.5). Therefore, for
the almost ontat Rii tensor we have
Ricac = 12n−1
(
(1 + ϕ)Ric−(ζyRic)⊗ η − s2n(〈·, ·〉 − η ⊗ η)
)
.
Hene the almost ontat salar urvature is given by sac = 12n−1(s − 2Ric(ζ, ζ)). As a
onsequene,
s− sac − Ric(ζ, ζ) = 2(n−1)2n−1 s−
2n−3
2n−1 Ric(ζ, ζ).
Now using the Bohner type formulas (5.2) and (5.3), we get the equation (5.4).
For (i) and (ii). If n > 3 and σ0 is of type C4, then for any almost ontat metri struture
σ, we have
2(n − 1)
∫
M
‖ξ(σ)‖2 ≥
∫
M
(
4‖ξ(1)(σ)‖
2 − 2‖ξ(2)(σ)‖
2 + 2(n− 1)‖ξ(4)(σ)‖
2
+(n− 1)‖ξ(5)(σ)‖
2 + (n− 12n−1 )‖ξ(6)(σ)‖
2 − 12n−1‖ξ(7)(σ)‖
2
+ 12n−1‖ξ(8)(σ)‖
2 − (1− 12n−1)‖ξ(9)(σ)‖
2 + (1− 12n−1 )‖ξ(10)(σ)‖
2
)
≥ 2(n−1)2n−1 C〈·,·〉 = 2(n − 1)
∫
M
‖ξ(4)(σ0)‖
2
= 2(n − 1)
∫
M
‖ξ(σ0)‖
2,
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where we have used the inequalities
‖ξ(10)(σ)‖
2 + 2‖ξ(11)(σ)‖
2 = 12‖2(∇ησ)(10) ◦ ϕσ‖
2 + 12‖(∇ζσFσ)(11)‖
2
≥ 12‖2(∇ησ)(10) ◦ ϕσ − (∇ζσFσ)(11)‖
2,
2(n− 1)‖ξ(4)(σ)‖
2 + 12‖ξ(12)(σ)‖
2 = ‖eiy(∇eiFσ)(4)‖
2 + ‖(∇ζσησ)(12) ◦ ϕσ‖
2
≥ ‖ − eiy(∇eiFσ)(4) + (∇ζσησ)(12) ◦ ϕσ‖
2.
Also note that ξ(1)(σ) only appears when n ≥ 3. Therefore, the ase n = 2 follows by a similar
disussion.
Finally, if σ1 is a almost ontat metri struture whih is an energy minimiser, then we
have
2(n−1)
2n−1 C〈·,·〉 ≤
∫
M
(
4‖ξ(1)(σ1)‖
2 − 2‖ξ(2)(σ1)‖
2 + 2(n− 1)‖ξ(4)(σ1)‖
2 + (n− 1)‖ξ(5)(σ1)‖
2
+(n− 12n−1)‖ξ(6)(σ1)‖
2 − 12n−1‖ξ(7)(σ1)‖
2 + 12n−1‖ξ(8)(σ1)‖
2
−(1− 12n−1)‖ξ(9)(σ1)‖
2 + (1− 12n−1)‖ξ(10)(σ1)‖
2
≤ 2(n − 1)
∫
M
‖ξ(σ1)‖
2 = 2(n−1)2n−1 C〈·,·〉.
From this, the inequalities are really equalities. As a onsequene, we get
0 =
∫
M
(
2(n − 3)‖ξ(1)(σ1)‖
2 + 2n‖ξ(2)(σ1)‖
2 + 2(n− 1)‖ξ(3)(σ1)‖
2
+(n− 1)‖ξ(5)(σ1)‖
2 + (n− 2 + 12n−1)‖ξ(6)(σ1)‖
2 + (2(n − 1) + 12n−1)‖ξ(7)(σ1)‖
2
+(2(n − 1)− 12n−1 )‖ξ(8)(σ1)‖
2 + (2n− 1− 12n−1)‖ξ(9)(σ1)‖
2
+(2n− 3 + 12n−1)‖ξ(10)(σ1)‖
2 + 2(n − 1)‖ξ(11)(σ1)‖
2 + 2(n − 1)‖ξ(12)(σ1)‖
2
)
.
Sine for n > 1 and n 6= 3, all the oeients are positive, it is obtained
ξ(1)(σ1) = ξ(2)(σ1) = ξ(3)(σ1) = ξ(5)(σ1) = ξ(6)(σ1) = ξ(7)(σ1)
= ξ(8)(σ1) = ξ(9)(σ1) = ξ(10)(σ1) = ξ(11)(σ1) = ξ(12)(σ1) = 0.
Therefore, the struture σ1 is of type C4. The proof for n = 3 of the analogous assertion an
be similarly done.
For (iii). If σ0 is an almost ontat metri struture of type C2, then for any almost ontat
metri struture σ we have
2
∫
M
‖ξ(σ)‖2 ≥
∫
M
(
−4‖ξ(1)(σ)‖
2 + 2‖ξ(2)(σ)‖
2 − (n− 1)‖ξ(5)(σ)‖
2 − (n− 12n−1 )‖ξ(6)(σ)‖
2
+ 12n−1‖ξ(7)(σ)‖
2 − 12n−1‖ξ(8)(σ)‖
2 + (1− 12n−1 )‖ξ(9)(σ)‖
2
+ 12n−1‖ξ(10)(σ)‖
2 + 2‖ξ(11)(σ)‖
2 + ‖ξ(12)(σ)‖
2
− 12‖2(∇ησ)(10) ◦ ϕσ − (∇ζσF )(11)‖
2 − ‖ − eiy(∇eiFσ)(4) + (∇ζσησ)(12) ◦ ϕσ‖
2
)
= − 2(n−1)2n−1 C〈·,·〉 =
∫
M
‖ξ(2)(σ0)‖
2 =
∫
M
‖ξ(σ0)‖
2.
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If σ1 is a almost ontat metri struture whih is an energy minimiser, then we have
2
∫
M
‖ξ(σ1)‖
2 = − 2(n−1)2n−1 C〈·,·〉
≥
∫
M
(
−4‖ξ(1)(σ1)‖
2 + 2‖ξ(2)(σ1)‖
2 − (n− 1)‖ξ(5)(σ1)‖
2 − (n− 12n−1 )‖ξ(6)(σ1)‖
2
+ 12n−1‖ξ(7)(σ1)‖
2 − 12n−1‖ξ(8)(σ1)‖
2 + (1− 12n−1 )‖ξ(9)(σ1)‖
2
+ 12n−1‖ξ(10)(σ1)‖
2 + 2‖ξ(11)(σ1)‖
2 + ‖ξ(12)(σ1)‖
2
− 12‖2(∇η)(10) ◦ ϕ− (∇ζF )(11)‖
2 − ‖ − eiy(∇eiF )(4) + (∇ζη)(12) ◦ ϕ‖
2
)
= − 2(n−1)2n−1 C〈·,·〉.
Hene the inequality is really an equality. Therefore,
0 =
∫
M
(
6‖ξ(1)(σ1)‖
2 + 2‖ξ(3)(σ1)‖
2 + 2‖ξ(4)(σ1)‖
2 + (n+ 1)‖ξ(5)(σ1)‖
2
+(n+ 2− 12n−1 )‖ξ(6)(σ1)‖
2 + (2− 12n−1 )‖ξ(7)(σ1)‖
2 + (2 + 12n−1)‖ξ(8)(σ1)‖
2
+(1 + 12n−1)‖ξ(9)(σ1)‖
2 + (2− 12n−1)‖ξ(10)(σ1)‖
2 + ‖ξ(12)(σ1)‖
2
+12‖2(∇η)(10) ◦ ϕ− (∇ζF )(11)‖
2 + ‖ − eiy(∇eiF )(4) + (∇ζη)(12) ◦ ϕ‖
2
)
.
Sine for n > 1 all the oeients are again positive, it is obtained
ξ(1)(σ1) = ξ(3)(σ1) = ξ(4)(σ1) = ξ(5)(σ1) = ξ(6)(σ1) = ξ(7)(σ1)
= ξ(8)(σ1) = ξ(9)(σ1) = ξ(10)(σ1) = ξ(11)(σ1) = ξ(12)(σ1) = 0.
Thus, we onlude that the struture σ1 is of type C2. 
Finally, we onsider the situation for ompat Einstein manifolds of dimension 2n+ 1.
Theorem 5.5. Let (M, 〈·, ·〉) be a 2n+1-dimensional ompat Einstein manifold. If s is the
salar urvature, then every almost ontat struture σ ompatible with 〈·, ·〉 satises∫
M
(
(2n− 1)‖ξ(5)(σ)‖
2 + ‖ξ(6)(σ)‖
2 + ‖ξ(7)(σ)‖
2
(5.5)
−‖ξ(8)(σ)‖
2 − ‖ξ(9)(σ)‖
2 + ‖ξ(10)(σ)‖
2
)
= 2s2n+1Vol(M).
Moreover:
(i) For n = 1, if σ0 is an almost ontat struture ompatible with 〈·, ·〉 of type C5 ⊕
C6 (trans-Sasakian), then σ0 is an energy minimiser suh that its total bending is
B(σ0) =
s
3Vol(M). Furthermore, in this situation any other energy minimiser is
trans-Sasakian.
(ii) For n > 1, if σ0 is an almost ontat struture ompatible with 〈·, ·〉 of type C5 (α-
Kenmotsu, where 2nα = −d∗ησ0), then σ0 is an energy minimiser suh that its total
bending is B(σ0) =
s
4n2−1Vol(M). Furthermore, in this situation any other energy
minimiser is of type α-Kenmotsu with 2n
∫
M α
2 = s
4n2−1Vol(M).
(iii) If σ0 is an almost ontat struture ompatible with 〈·, ·〉 of type C8 ⊕ C9, suh that
its total bending is B(σ0) = −
s
2n+1Vol(M). Furthermore, in this situation any other
energy minimiser is of type C8 ⊕ C9.
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Proof. Equation (5.5) follows from the equation (5.3). The remaining assertions an be de-
dued by using similar arguments as in the proof of Theorem 5.4. 
6. Examples
Odd dimensional spheres. Let C
n+1
be the n+1-dimensional omplex spae equipped the
natural Kähler struture denoted by (〈·, ·〉, J). If we onsider the sphere S2n+1(r) of radius
r and entered at the origin and U is a unit normal vetor eld on S2n+1(r), then there is
an a-Sasakian struture on S2n+1(r) xing the restritions of 〈·, ·〉 and the tangent projetion
tan◦J to S2n+1(r) as metri and (1, 1)-tensor eld, respetively, and ζ = JU as harateristi
vetor eld. This example for r = 1 have been shown by Yano and Kon in [25℄. In this
situation
a2 = 1
r2
, Ric = 2n
r2
〈·, ·〉, Ricac = 1
r2
(〈·, ·〉 − η ⊗ η) .
Hene S2n+1(r) is a-Einstein. Now, using Theorem 4.8 (i) (b), the ±1r -Sasakian struture is
a harmoni map.
For n = 1, the ±1r -Sasakian struture is an energy minimiser by Theorem 5.5. The energy
of this struture is
2
3πr(3r
2 + 4).
The produt manifold S6 × S1. It is well known that S6 an be endowed by an nearly
Kähler struture by means of the round metri and the standard integrable G2-struture on
R
7
[12, 13℄. Now, we onsider the produt manifold S6 × S1. Taking the produt metri, the
unit tangent vetor ζ dened by the Maurer-Cartan form on S1 and the (1, 1) tensor eld ϕ
dened by the almost omplex struture on S6 and ϕζ = 0, we will obtain an almost ontat
metri struture σ on S6 × S1 of type C1. Sine S
6 × S1 is onformally at, the struture σ
is an energy minimiser by Theorem 5.4.
The produt manifold S2m+1×S1×S1. Hopf manifolds are dieomorphi to S2m+1×S1 and
admit a loally onformal Kähler struture (type W4 in Gray-Hervella's terms) with parallel
Lee form θ [20℄ (see [14℄ for the lassiation of almost Hermitian strutures). In general, if we
onsider a 1-Sasakian manifold M of dimension 2n+1, then the produt manifold M×S1 an
be equipped with a loally onformal Kähler struture. Now, if one proeed as in the previous
example, an almost ontat metri struture σ of type C4 an be dened on S
2m+1×S1×S1.
Sine S2m+1×S1×S1 is onformally at, the struture σ is an energy minimiser by Theorem
5.4.
The hyperboli spae. Let (H2n+1, 〈·, ·〉) be the (2n+ 1)-dimensional Poinaré half-spae,
i.e.
H
2n+1 = {(x1, . . . , x2n+1) ∈ R
2n+1 | x1 > 0}
and 〈·, ·〉 is the Riemannian metri given by 〈·, ·〉 = (cx1)
−2∑2n+1
i=1 (dxi)
2, c > 0. It has onstant
urvature −c2.Moreover, H2n+1 an be onsidered as the Lie group with the following produt
(x1, . . . , x2n+1) · (y1, . . . , y2n+1) = (x1y1, x1y2 + x2, . . . , x1y2n+1 + x2n+1).
So we have a solvable Lie group whih is a semi-diret produt of the multipliative group R
+
0
and the additive group R
2n
and 〈·, ·〉 beomes into a left-invariant metri. In fat, the vetor
elds
Xi = cx1
∂
∂xi
, i = 1, . . . , 2n + 1,
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form an orthonormal basis of left-invariant vetor elds and the braket satises [X1,Xj ] =
cXj , j = 2, . . . , 2n + 1, the other brakets being zero. Then the Levi Civita onnetion with
respet to 〈·, ·〉 is determined by
∇XjXj = cX1, ∇XjX1 = −cXj , j = 2, . . . , 2n + 1, (6.1)
being zero the remaining ovariant derivatives with respet to this basis.
Proposition 6.1. Any left-invariant almost ontat struture (ϕ, ζ, η) on H2n+1 ompatible
with 〈·, ·〉 with ζ = X1 is a harmoni struture of type C5 but it does not determine a harmoni
map.
Proof. From (6.1) we obtain that this struture is of type C5 and so, it is harmoni by using
Theorem 4.3. Moreover, beause H
2n+1
has onstant setional urvature, it follows that it
is a-Einstein and sac = −2nc2. Hene, taking into aount that d∗η = 2nc does not vanish,
Theorem 4.8 (i) (a) implies that it does not determine a harmoni map. 
The generalised Heisenberg groups H(1,r). Now we onsider some speial lasses of Lie
groups whih play an important rle in geometry. Namely, the generalised Heisenberg groups
H(1, r) introdued in [15℄ and the ones in the sense of Kaplan H(p, 1) [16℄. The Lie group
H(1, r) onsists of matries
a =

 Ir At Bt0 1 c
0 0 1

 ,
where Ir denotes the identity matrix of type r×r, A = (a1, . . . , ar) ∈ R
r, B = (b1, . . . , br) ∈ R
r
and c ∈ R. Moreover, H(1, r) is onneted, simply onneted, nilpotent, of dimension 2r + 1
and its enter is of dimension r. The following oordinates (xi, xr+i, z), 1 ≤ i ≤ r, provide a
system of global oordinates on H(1, r) :
xi(a) = ai, x
r+i(a) = bi, z(a) = c
and a basis of left-invariant one-forms is given by αi = dx
i, αr+i = dx
r+i − xidz, γ = dz. For
the dual left-invariant vetor elds we then have
Xi =
∂
∂xi
, Xr+i =
∂
∂xr+i
, Z = ∂∂z +
∑r
j=1 x
j ∂
∂xr+j
.
On H(1, r) we onsider the Riemannian metri 〈·, ·〉 for whih these vetor elds form an
orthonormal basis. Then, the orresponding Levi Civita onnetion is determined by
∇XiXr+i = ∇Xr+iXi = −
1
2Z,
∇XiZ = −∇ZXi =
1
2Xr+i,
∇Xr+iZ = ∇ZXr+i =
1
2Xi,
(6.2)
where the remaining ovariant derivatives with respet to this basis vanish. For the nonvan-
ishing omponents of the urvature tensor R we obtain
R(XiXj ,Xr+i,Xr+j) = −
1
4 , i 6= j, R(Xi,Xr+j,Xj ,Xr+i) =
1
4 ,
R(Xi, Z,Xi, Z) = −
3
4 , R(Xr+i, Z,Xr+i, Z) =
1
4 .
(6.3)
Next, we onsider left-invariant almost ontat strutures (ϕ, ζ, η) on H(1, r) ompatible
with 〈·, ·〉 with ζ = Z and η = γ. Denote by ϕlk, k, l = 1, . . . , 2r, the (onstant) omponents
of ϕ with respet to the basis {Xk, Z}. Then, we have
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Lemma 6.2. Any left-invariant almost ontat metri struture (ϕ, ζ = Z, η = γ, 〈·, ·〉) on
H(1, r) is of type (C8 ⊕ C9 ⊕ C11)− C11. Moreover, it is of type
(i) C8 ⊕ C9 if and only if ϕ
r+j
i = ϕ
r+i
j and ϕ
r+j
r+i = ϕ
j
i ;
(ii) C8 if and only if ϕ
r+j
i = ϕ
r+i
j = 0 and ϕ
r+j
r+i = ϕ
j
i . Then, r must be even;
(iii) C9 if and only if ϕ
r+j
i = ϕ
r+i
j and ϕ
r+j
r+i = ϕ
j
i = 0,
for all i, j ∈ {1, . . . , r}.
Proof. From (6.2), we get
(∇Xiϕ)Xk = −
1
2ϕ
r+i
k Z, (∇Xr+iϕ)Xk = −
1
2ϕ
i
kZ,
where 1 ≤ i ≤ r and 1 ≤ k ≤ 2r. Also we obtain
(∇Zϕ)Xi =
1
2
∑r
j=1{(ϕ
r+j
i + ϕ
j
r+i)Xj + (ϕ
r+j
r+i − ϕ
j
i )Xr+j},
(∇Zϕ)Xr+i =
1
2
∑r
j=1{(ϕ
r+j
r+i − ϕ
j
i )Xj − (ϕ
j
r+i + ϕ
r+j
i )Xr+j}.
Then d∗F (Z) = d∗η = 0 and (∇Zϕ) = 0 if and only if ϕ
r+j
i = ϕ
r+i
j and ϕ
r+j
r+i = ϕ
j
i . Moreover,
these last onditions imply
(∇Xiϕ)Xj = (∇Xjϕ)Xi = −(∇Xr+iϕ)Xr+j = −(∇Xr+jϕ)Xr+i
= −(∇ϕXiϕ)ϕXj = (∇ϕXr+iϕ)ϕXr+j = −
1
2ϕ
r+j
i Z;
(∇Xiϕ)Xr+j = −(∇Xr+jϕ)Xi = (∇ϕXiϕ)ϕXr+j = −(∇ϕXr+jϕ)ϕXi =
1
2ϕ
j
iZ.
This proves the Lemma. 
Remark 6.3. The almost ontat metri struture (ϕ, ζ = Z, η = γ, 〈·, ·〉) with ϕXi = Xr+i
and ϕXr+i = −Xi, i = 1, . . . , r, is of type C9 and so, it is almost osympleti but non-
osympleti. Moreover, for r even and taking ϕX2i−1 = X2i and ϕX2i = −X2i−1, it follows
that (ϕ, ζ = Z, η = γ, 〈·, ·〉) is of type C8.
Proposition 6.4. Any harmoni left-invariant almost ontat metri struture (ϕ, ζ = Z, η =
γ, 〈·, ·〉) on H(1, r) determines a harmoni map.
Proof. From (6.2), the intrinsi torsion ξ of (ϕ, ζ = Z, η = γ, 〈·, ·〉) satises
ξXiZ = −
1
2Xr+i, ξXr+iZ = −
1
2Xi,
ξXiXj = ξXr+iXr+j = 0, ξXiXr+j = ξXr+iXj = 0, i 6= j.
(6.4)
Then, for the one-form ν dened in (2.4), one obtains by using (6.3)
ν(Xi) = 〈ξXjXr+j, R(Xj ,Xi)Xr+j〉+ 〈ξXr+jXj, R(Xr+j ,Xi)Xj〉
+〈ξZXi, R(Z,Xi)Xi〉 =
3
4〈ξZXi, Z〉 = 0,
ν(Xr+i) = 〈ξXjXr+j, R(Xj ,Xr+i)Xr+j〉+ 〈ξXr+jXj , R(Xr+j ,Xi)Xj〉
+〈ξZXr+i, R(Z,Xr+i)Xr+i〉 = −
1
4〈ξZXr+i, Z〉 = 0,
ν(Z) = 〈ξXjXr+j, R(Xj , Z)Xr+j〉+ 〈ξXr+jXj , R(Xr+j , Z)Xj〉 = 0.
Hene, ν is vanished and we have the result. 
Now, from Theorem 4.3, we an onlude
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Corollary 6.5. Any left-invariant almost ontat metri struture (ϕ, ζ = Z, η = γ, 〈·, ·〉) on
H(1, r) of type C8 ⊕ C9 determines a harmoni map.
Using (6.4), one diretly obtains d∗ξ(Z) = 0 and
d∗ξ(Xi) = −(∇ZξZXi + 12ξZXr+i), d
∗ξ(Xr+i) = 12ξZXi −∇ZξZXr+i.
Hene, we have
Proposition 6.6. On H(1, r) the following onditions are equivalent:
(i) The left-invariant almost ontat metri struture (ϕ, ζ = Z, η = γ, 〈·, ·〉) is harmoni;
(ii) its intrinsi torsion ξ satises
〈ξZXi,Xj〉 = 〈ξZXr+i,Xr+j〉, 〈ξZXi,Xr+j〉 = 〈ξZXj ,Xr+i〉;
(iii)
∑r
k=1{(ϕ
r+k
j + ϕ
k
r+j)(ϕ
k
i + ϕ
r+k
r+i ) + (ϕ
r+k
r+j − ϕ
k
j )(ϕ
r+k
i − ϕ
k
r+i)} = 0,∑r
k=1{ϕ
k
i ϕ
r+k
r+j − ϕ
r+k
i ϕ
k
r+j + ϕ
r+k
j ϕ
k
r+i − ϕ
k
jϕ
r+k
r+i } = 0;
for all i, j ∈ {1, . . . , r}.
Here dsac = 0 and, for X in the Lie algebra of H(1, r), we get
(d∗Rica)(X) =
∑2r
k=1Ric
a(Xk,∇XkX) =
η(X)
2
∑r
i=1(Ric
a(Xi,Xr+i) + Ric
a(Xr+i,Xi))
= η(X)8
∑r
i,j=1(ϕ
r+j
i + ϕ
j
r+i)(ϕ
i
j + ϕ
r+i
r+j).
Then, from Propositions 6.4 and 6.6, we have
Corollary 6.7. Left-invariant almost ontat metri strutures (ϕ, ζ = Z, η = γ, 〈·, ·〉) on
H(1, r) suh that ϕr+ji = ±ϕ
r+i
j , ϕ
j
i = ±ϕ
r+j
r+i , for all i, j ∈ {1, . . . , r}, determine harmoni
maps and d∗Rica = 0.
Remark 6.8. On H(1, 2) we onsider the following examples of left-invariant almost ontat
metri strutures (ϕ, ζ = Z, η = γ, 〈·, ·〉) where
(A) ϕX1 =
√
2
2 (X2 +X4), ϕX2 =
√
2
2 (−X1 +X3), ϕX3 =
√
2
2 (−X2 +X4),
ϕX4 = −
√
2
2 (X1 +X3),
(B) ϕX1 =
√
2
2 (X2 +X4), ϕX2 = −
√
2
2 (X1 +X3), ϕX3 =
√
2
2 (X2 −X4),
ϕX4 =
√
2
2 (−X1 +X3),
(C) ϕX1 =
√
2
2 (X2 +X3), ϕX2 =
√
2
2 (−X1 +X4), ϕX3 = −
√
2
2 (X1 +X4),
ϕX4 =
√
2
2 (−X2 +X3).
Then, the example (A) is of type C8 ⊕ C9 − (C8 ∪ C9) and (B) and (C) are of type C8 ⊕ C9 ⊕
C11 − (C8 ∪ C9 ∪ C11). Moreover, using Propositions 6.4 and 6.6, these strutures determine
harmoni maps if and only if ϕ31(ϕ
4
3−ϕ
2
1) = (ϕ
3
1+ϕ
4
2)(ϕ
4
1−ϕ
3
2) = 0. Hene, it follows that the
examples (A) and (B) determine harmoni maps and (C) is not a harmoni almost ontat
struture.
The generalised Heisenberg groups H(p,1). The Lie group H(p, 1) onsists of matries
a =

 1 A c0 Ip Bt
0 0 1

 ,
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where Ip denotes the identity matrix of type p×p, A = (a1, . . . , ap) ∈ R
p, B = (b1, . . . , bp) ∈ R
p
and c ∈ R. Moreover, H(p, 1) is a onneted, simply onneted, nilpotent, of dimension 2p+1
and its enter is one-dimensional. A global system of oordinates (xi, xp+i, z), 1 ≤ i ≤ p, on
H(p, 1) is dened by
xi(a) = ai, x
p+i(a) = bi, z(a) = c
and a basis of left-invariant one-forms is given by αi = dx
i, αp+i = dx
p+i, γ = dz −∑p
j=1 x
jdxp+j. Therefore, for the dual left-invariant vetor elds, we have
Xi =
∂
∂xi
, Xp+i =
∂
∂xp+i
+ xi ∂∂z , Z =
∂
∂z .
On H(p, 1) we onsider the Riemannian metri 〈·, ·〉 for whih these vetor elds form an
orthonormal basis. Then, the orresponding Levi Civita onnetion is determined by
∇XiXp+i = −∇Xp+iXi =
1
2Z,
∇XiZ = ∇ZXi = −
1
2Xp+i,
∇Xp+iZ = ∇ZXp+i =
1
2Xi,
(6.5)
where the remaining ovariant derivatives with respet to this basis vanish. For the nonvan-
ishing omponents of the urvature tensor R, we obtain
R(Xi,Xj ,Xp+i,Xp+j) =
1
4 , i 6= j, R(Xi,Xp+i,Xi,Xp+i) =
3
4 ,
R(Xi,Xp+i,Xj ,Xp+j) =
1
2 , i 6= j, R(Xi,Xp+j ,Xj ,Xp+i) =
1
4 , i 6= j,
R(Xi, Z,Xi, Z) = −
1
4 , R(Xp+i, Z,Xp+i, Z) = −
1
4 .
(6.6)
As on H(1, r), we onsider left-invariant almost ontat strutures (ϕ, ζ, η) on H(p, 1)
ompatible with 〈·, ·〉 with ζ = Z and η = γ. Denote by ϕlk, k, l = 1, . . . , 2p, the (onstant)
omponents of ϕ with respet to the basis {Xk, Z}. Then, we have
Lemma 6.9. Any left-invariant almost ontat metri struture (ϕ, ζ = Z, η = γ, 〈·, ·〉) on
H(p, 1) is of type (C6 ⊕ C7 ⊕ C11)− C11. Moreover, it is of type
(i) C6 ⊕ C7 if and only if ϕ
p+j
i = ϕ
p+i
j and ϕ
p+j
p+i = ϕ
j
i , for all i, j ∈ {1, . . . , p};
(ii) C6 if and only if ϕ
p+i
i = λ, with λ = ±1, for all i ∈ {1, . . . , p}, being zero the remainder
omponents of ϕ. Then, it is ±12 -Sasakian;
(iii) C7 if and only if
∑p
i=1 ϕ
p+i
i = 0, (p ≥ 2).
Proof. From (6.5), we obtain
(∇Xiϕ)Xk =
1
2ϕ
p+i
k Z, (∇Xp+iϕ)Xk = −
1
2ϕ
i
kZ,
where 1 ≤ i ≤ p and 1 ≤ k ≤ 2p, and
(∇Zϕ)Xi =
1
2
∑p
j=1{(ϕ
p+j
i + ϕ
j
p+i)Xj + (ϕ
p+j
p+i − ϕ
j
i )Xp+j},
(∇Zϕ)Xp+i =
1
2
∑p
j=1{(ϕ
p+j
p+i − ϕ
j
i )Xj − (ϕ
j
p+i + ϕ
p+j
i )Xp+j}.
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Then, d∗F (Z) =
∑p
i=1 ϕ
p+i
i , d
∗η = 0 and (∇Zϕ) = 0 if and only if ϕ
p+j
i = ϕ
p+i
j and
ϕp+jp+i = ϕ
j
i . Moreover, these last onditions imply
(∇Xiϕ)Xj = (∇Xjϕ)Xi = (∇Xp+iϕ)Xp+j = (∇Xp+jϕ)Xp+i
= (∇ϕXiϕ)ϕXj = (∇ϕXp+iϕ)ϕXp+j =
1
2ϕ
p+j
i Z;
(∇Xiϕ)Xp+j = (∇Xp+jϕ)Xi = (∇ϕXiϕ)ϕXp+j = (∇ϕXp+jϕ)ϕXi = −
1
2ϕ
j
iZ.
This proves the Lemma. 
From (6.5), the intrinsi torsion ξ of (ϕ, ζ = Z, η = γ, 〈·, ·〉) satises
ξXiZ =
1
2Xp+i, ξXp+iZ = −
1
2Xi,
ξXiXj = ξXp+iXp+j = 0, ξXiXp+j = ξXp+iXj = 0, i 6= j.
(6.7)
Then, as in the ase H(1, r), we obtain that the one-form ν dened in (2.4) vanishes and we
have
Proposition 6.10. Any harmoni left-invariant almost ontat metri struture (ϕ, ζ =
Z, η = γ, 〈·, ·〉) on H(p, 1) determines a harmoni map.
Moreover, from Theorem 4.3, we an onlude
Corollary 6.11. Any left-invariant almost ontat metri struture (ϕ, ζ = Z, η = γ, 〈·, ·〉)
on H(p, 1) of type C6 ⊕ C7 determines a harmoni map.
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